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Abstract

Description Logics are a well-established family of languages designed for
knowledge representation and reasoning. Thanks to the balance they provide
between expressivity and computational efficiency, they have gained accep-
tance in several areas, such as information integration, bioinformatics, soft-
ware engineering. The reasoning requirements arising in these different sce-

narios have stimulated many paths of research.

In this work we will take advantage of specific properties of a wide range of
Description Logics, the tree model property. This property makes it possible to
reduce DL reasoning problems to verifying certain properties of an automaton
over infinite trees. Many worst-case optimal algorithms have been obtained
using this technique; however, their practicality is questioned because they

usually involve costly computations on very large objects.

The goal of this thesis is to help overcome these hurdles, designing and im-
plementing a new automata-based procedure for reasoning over expressive
Description Logics that is worst-case optimal and lends itself to an efficient
implementation. In order to show the feasibility of the approach, we have re-
alized a working prototype of a reasoner based upon these techniques. An

experimental evaluation of this prototype shows encouraging results.



Kurzfassung

Description Logics sind eine Familie von Logiken, die speziell fiir die Wissensre-
prasentation eingefiihrt wurden und in den letzten Jahren ausgiebig erforscht
worden sind. Aufgrund der Ausgewogenheit zwischen ihrer Ausdrucksstarke
und der Effizienz im automatischen Schliefen, haben Description Logics in
verschiedenen Gebieten Anwendung gefunden, zum Beispiel in der Integra-
tion von Informationen, in der Bioinformatik und im Software Engineering.
Die Bediirfnisse beziiglich Inferenzkapazitit in all diesen Bereichen haben die

Forschung in verschiedenen Richtungen vorangetrieben.

In dieser Arbeit niitzen wir eine Eigenschaft, die die meisten Description Log-
ics besitzen, ndmlich die Baummodell Eigenschaft. Dank dieser Eigenschaft ist
es moglich, automatisches Schliefien in Description Logics auf das Problem
zu reduzieren, bestimmte Eigenschaften von endlichen Automaten auf un-
endlichen Bdumen zu tiberpriifen. Viele Algorithmen wurden entwickelt, die
diese Idee niitzen und worst-case optimal sind; allerdings lassen sich diese Al-
gorithmen in der Praxis nicht gut niitzen, da sie meistens aufwiandige Berech-

nungen iiber sehr grofien Objekten erfordern.

Das Ziel dieser Diplomarbeit ist es, diese Schwierigkeiten tiberwinden zu helfen,

und einen neuen automatenbasierten Algorithmus fiir das Schliefen in ausdrucks-

ii



starken Description Logics zu entwickeln, der worst-case optimal ist und auch
tiir eine effiziente Implementierung geeignet ist. Um zu zeigen, dass der Ansatz
auch in der Praxis realisierbar ist, haben wir auch einen Prototypen eines Rea-
soners entwickelt, der den neuen Algorithmus fiir automatisches Schliefien
implementiert. Eine experimentelle Evaluierung des Prototypen zeigt ermuti-

gende Resultate.
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Chapter 1

Introduction

Knowledge representation has emerged in the last forty years as one of the
most active branches of research in the realm of artificial intelligence. After all,
every “intelligent application” must base its inference processes on a machine-

readable description of its domain.

Research in knowledge representation is focused on the identification and de-
scription of modeling formalisms. One of the fundamental goals is reaching
a balance between expressive power - the ability of modeling more complex
scenarios — and reasoning efficiency - the possibility of drawing inferences in

a timely fashion.

The Description Logic family [BCM™07] has emerged in the latest years as
one of the most interesting results of this research area. Different applications
call for different levels of expressiveness and different reasoning services: the
DL family makes it possible to combine language features in order to obtain

the most convenient trade-off.



1.1 Introduction: Background

1.1 Background

All Description Logic languages model the domain of interest by means of
concepts (classes of objects) and roles (binary relations between objects). The
final outcome of the modeling process is a Knowledge Base, a set containing
axioms that with intensional knowledge and assertions that specify the par-
ticipation of objects to concepts and roles. In this work we will be focusing on

the intensional component of a Knowledge Base, the so-called TBox.

As we have mentioned, a wide range of Description Logic languages can be
obtained by choosing different combinations of constructors for concepts and
roles. In this work we will focus on expressive DLs, i.e. languages that support a
rich set of constructors; lightweight DLs, on the other hand, shift the trade-oft

towards a lower computational complexity (see [CDGL™05]).

Various reasoning tasks emerge in this context. The first is concerned with the
satisfiability of a concept, i.e. checking whether a concept description can be

satisfied by an object. For instance, the concept
Vsupervises.Student M Jsupervises.(—Student)

can be shown to be unsatisfiable. Intuitively, it describes the class of all objects
that (i) only supervise students, and (ii) supervise at least one non-student —

the two requirements are in contradiction.

Analogously, another important reasoning task is concerned with the satisfi-
ability of a TBox. A third reasoning task emerges from the interplay of these
two problems: checking the consistency of a concept in a TBox, i.e. making

sure that there exists a model of a TBox where at least one object participates



1.1 Introduction: Background

in the given concept. For instance, consider a TBox T containing the following

assertions:

NoviceTeacher C Vteaches.IntroductoryCourse
ExperiencedTeacher C dJteaches.AdvancedCourse
Jteaches.AdvancedCourse C ExperiencedTeacher

IntroductoryCourse M AdvancedCourse C |

Seminary C AdvancedCourse

Intuitively, they describe the following constraints:

« anovice teacher only teaches introductory courses;
« an experienced teacher teaches at least one advanced course;

« everyone who teaches at least one advanced course is an experienced

teacher;

« no object is at the same time an introductory course and an advanced
course (namely, the intersection between the two concepts is the empty

concept L);

« every seminary is an advanced course.

The concept NoviceTeacher M ExperiencedTeacher, identifying those objects
that are both novice and experienced teachers, can be shown to be inconsistent
in 7. Every course taught by a novice teacher will be an introductory course,
and since nothing can be both an introductory and an advanced course at the
same time, no novice teacher can teach an advanced course — and, therefore,

no novice teacher satisfies the requirements to be an experienced teacher.



1.2 Introduction: Motivation

The last reasoning problem we address in this work is the implication of an

assertion by a TBox. For instance, consider the following assertion:

Jteaches.Seminary C ExperiencedTeacher

Intuitively, it states that whoever teaches a seminary is an experienced teacher.
The TBox T given above implies this assertion: every seminary is an advanced

course, and everyone who teaches advanced courses is an experienced teacher.

1.2 Motivation

Automata-based decision procedures for various logic languages have been a
very active line of research for the last fifty years, since the work of J. Richard
Biichi [Biic60] and Michael O. Rabin [Rab69] on different fragments of monadic

second order logic.

Automata-based techniques for Description Logics have led to many interest-
ing results, starting with the complexity bounds for 83(JQ in [Tob01] and for
ALCQIb,ee in [CDGLO2a]. For a thorough review of the field, the reader can
refer to [Ort10, Section 3.5]. Attempts at a successful implementation, though,

have found serious difficulties.

Constructing a tree automaton that recognizes a suitable encoding of the same
models as a given DL concept or knowledge base is a relatively easy task; ma-
nipulating the resulting automaton, though, has proven to be rather problem-
atic. The main issue lies with the necessity of operating on intermediate rep-
resentations of the automaton, whose space state is exponentially bigger than

the size of the input formulas.



1.4 Introduction: Contributions

Reasoning on many DL languages has shown to be provably intractable (i.e.,
EXPTIME-hard), so this behaviour is to be expected on some “tough” problem
instances. Reducing the number of these difficult instances, though, remains

an open problem.

1.3 Contributions

In this work we attempt to attack the problem from a different angle. We will
focus on ALC", a variant of AL C which also allows global functionality asser-
tions: by choosing an expressive yet “small” DL language, we will try to keep
the algorithm as simple as possible. This will allow us to obtain a procedure
that does not have to operate on big intermediate objects, yielding an encour-

aging performance level even with a relatively naive implementation.

The results obtained in this simple scenario can successively be extended to
cover richer languages. A possible way to handle inverse roles will be described
in this work, although it is not (yet) part of the prototype. Several preprocess-
ing steps described in the literature can be used to 8HJQ; the effectiveness of

the resulting reasoning algorithms will have to be investigated.

1.4 Structure of the Work

In Chapter 2 we will introduce the main formalisms used throughout this
work. In particular, we will give a detailed account of the properties of DL

languages that make the automata-based approach possible.

Chapter 3 contains an exposition of various reductions. Starting from a TBox

and a concept, we will show how to build a tree automaton that recognizes (a

5



1.4 Introduction: Structure of the Work

suitable representation of) the models of the given TBox in which at least an

individual satisfies the specified concept.

In Chapter 4 we will move our focus to the tree automata. We will show a
chain of procedures that make it possible to decide the emptiness of a given

automaton.

In Chapter 5 we will finally combine the pieces of the puzzle. We will describe a
decision procedure that, starting from a TBox and a concept, implicitly builds
the corresponding automaton (as described in Chapter 3) and uses a modified

version of the procedures developed in Chapter 4 to decide its emptiness.

This procedure has been implemented in a working prototype: in Chapter 6,
we will describe the main components of its architecture. We will also present
the results of a few synthetic benchmarks which show the scalability of the

approach.



Chapter 2

Preliminaries

In this section we will introduce a few key formalisms and fix the notation

used throughout the rest of the work.

We will start with a quick overview of some basic concepts (words, trees,
boolean formulae). In the following section we will give a formal definition
of automata on infinite trees, and describe the way in which they recognize a
given tree. We will close the chapter with an introduction to the family of De-

scription Logics and to the reasoning problems we will address in this work.

2.1 Generalities

This section contains basic definitions and theorems regarding the founda-
tions of this work. This overview is not intended to be exhaustive in any way:

its main purpose is to formulate a theoretical background and fix the notation.



2.1 Preliminaries: Generalities

2.1.1 Words

Let X be a non-empty finite set: a word over X is an ordered sequence of sym-
bols chosen from X. The length of a word is the number of symbols that appear
in the sequence; the empty word ¢ is the sequence with length 0. The set of
words that can be built from X is denoted by X*. For any two words v, v’ € X*,
their concatenation is a word containing the sequence of characters from v fol-
lowed by the sequence of characters from v/, and is denoted by v - v/. Given a

word v = ¢y ...cn oflength n > 1, we define the following functions

init(v) =C1...Cn—1

last(v) = cp,

2.1.2 Trees

Let k be a natural number: a k-ary tree N is a subset of [1 : k|* (the set of words
built from an alphabet including all natural numbers from 1 to k) that enjoys

the following properties:

1. N contains the empty word, i.e. ¢ € N;

2. Nis prefix-closed: if v € N, then init(v) € N.

The elements of N are called nodes. The parent of a nodev = c; ...cy, is the
nodeinit(v) = c;...cn_1; the node vis a child of init(v). A leaf node is a node
v € N such that, foranyi € [1:k],v-i¢ N (i.e, aleaf has no child nodes). A

complete k-ary tree is a tree that has all the elements of [1 : k]* as nodes.

A path Tt = wi,we, ... is a sequence of nodes from N such that every word

is the parent of the word that follows it. Note that a path does not have to be
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finite. A branch is a maximal path, i.e. a path that starts from the root and

either ends in a leaf node or is infinite.

Given a set I, a X-labeled k-ary tree is a tuple T = (N, 1), where N is a k-ary
tree and T : N — I is the labeling function. L is the labeling alphabet, t(v) is

the label of the node v.

2.1.3 Positive Boolean Formulas

Given a set X, the set PBF(X) contains all the positive boolean formulas that can

be built according to the following grammar:

¢ — true
| false
I (¢)
| xeX
oV
CRAY

We recursively define the function sat : PBF(X)x2X — { true, false } as follows:

sat(true, Y) = true
sat(false, Y) = false

sat((¢),Y) = sat(¢,Y)

true ifxey
sat(x,Y) =

false otherwise
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true ifsat(¢,Y) orsat(dp’,Y)
sat(dpV d',Y) =

false otherwise

true ifsat(¢,Y) and sat(dp’,Y)
sat(p A\ ', Y) =

false otherwise

A setY C X satisfies a formula ¢ € PBF(X) if sat(¢, Y) = true; in this case, we
will say that Y is a model of ¢, and write Y |= ¢. Two formulas are equivalent

if they are satisfied by the same sets; we will denote equivalence using the =

operator (e.g., ¢ = ¢’).

A substitution for formulas in PBF(X) is a partial function o : X — PBF(X).
The result of applying a substitution o to a formula ¢ is denoted as ¢o, and is

defined as follows:

o(x) if o(x) is defined
X0 =
X otherwise

(true)o = true
(false)o = false
(dVdIo=doVd'o
(PNAP)o=doAd'c
A substitution{ (x1, 1), ..., (xn, ¢n) }isoften denoted as [x1,...,xn / b1, ..., dn].

A formula is said to be in disjunctive normal form (DNF) if it is expressed as the

disjunction of clauses (conjunctions of atoms), i.e. it is in the following form:

(Cl,l/\"'/\Cl,nl)\/"'\/(Cn,l/\"’/\cn,nn)

10
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A formula is said to be in conjunctive normal form (CNF) if it is expressed as the
conjunction of (dual) clauses (disjunctions of atoms), i.e. it is in the following
form:

([31,1\/"'\/Bl,nl)/\"'/\(ﬁn,l\/"'\/Bn,nn)

A DNF expansion of a formula ¢ is a formula ¢gpn¢ in disjunctive normal form
which is equivalent to ¢; analogously, a CNF expansion of a formula ¢ is a
formula ¢n¢ in conjunctive normal form which is equivalent to ¢. It is possible
to obtain a DNF and CNF expansion of a formula ¢ by repeatedly applying

the distribution rules of A over \ and vice versa:

OGNV = (AP V(G AYP)
OV WAY) = (VYA (D VD)

2.2 Tree Automata

A tree automaton is a tuple A = (X, Q, qo, k, 5, F), whose components are

defined as follows:

I is the input alphabet, a finite set of input symbols;

Q is the (finite) set of states;

qo € Q is the initial state;

k € N is the branching degree;

F is the acceptance condition;

5:Q x L — PBF([—1:k] x Q) is the transition function.

11



2.2 Preliminaries: Tree Automata

We will introduce different kinds of acceptance conditions once we have de-

fined the run of a tree automata.

Given an automaton A = (X, Q, qo, k,d,7F) and a X-labeled k-ary tree T =
(N, 1), the run of A over T is a N x Q-labeled tree R = (Ng, p) that satisfies

the following constraints:

1. p(e) = (&, qo)s

2. for every v € Ny, if p(r) = (v, q), then there exist a set of index-state
pairs { (i1, q1), ..., (in, qn) } that satisfies the positive boolean formula

5(q,T(v))and such that, foreveryj € [1: n],mj € Ngandp(r-j) = (v-ij, g5).

Note that, with a slight abuse of notation, we extend the concatenation op-
erator so that, for every word v € [1 : k]* and every symbol ¢ € [1 : k],

v-0=v-c-—1=w.

For every node r € Ny, with p(r) = (v, q), we define labg (1) as follows:

labg(r) = { (i,q") : 3j. p(r-j) =(v-i,q") } U
U {(an/) : EI] p(rJ) = (vvq/)} U

U {(=1,q") : 3j. p(r-j) = (init(v),q") }

We can rephrase the second condition in the definition of run as follows: for

every v € Ng, labg(r) = 8(q, T(v)).

Informally, every node of the run tree captures a snapshot of the automaton
moving over the original tree. The first component of the label p(-) points at
a location in the original tree, and the second component records the current

state of the automaton. The first condition above starts the automaton on the

12



2.2 Preliminaries: Tree Automata

root of the original tree, in the initial state qo. The second condition describes

a step in the run of the automaton, which is carried out as follows:

« The automaton reads the current symbol c.

o The automaton nondeterministically guesses a set of index and state

pairs{ (i1,q1),- .., (in, qn) } that satisfies 5(q, c).

o The automaton spawns n copies of itself. For each j € [1,n], the j-th

copy will switch to state q; and move according to the value of i;:
- Ifi; > 0, the j-th copy moves to the i;-th child of the current node;

- Ifij = 0, the j-th copy stays in the current node (a zero-transition);

- Ifi; = —1, the j-th copy moves to the parent of the current node.

Each copy of the automaton will then repeat the process.

An automaton A = (X, Q, qo, k, 8, F) accepts a X-labeled tree T iff there exists
arun R of A over T that satisfies the acceptance condition F (an accepting run).

We distinguish between different families of acceptance conditions:

« Looping condition: every run is considered to be accepting. In this case,
we will drop the F component from the tuple that specifies the automa-

ton.

o Biichi condition: the acceptance condition is a set Q5 C Q. A run is said
to be accepting iff, for every infinite branch of the run tree, there exists

(at least) a state in Q4 that occurs infinitely often in its labeling.

o Co-Biichi condition: the acceptance condition is a set Q5 C Q. A run
is said to be accepting iff no state in Q4 occurs infinitely often in the

labeling of any infinite branch of the run tree.

13



2.2 Preliminaries: Tree Automata

o Parity condition: the acceptance condition is a function x : Q — N. A
run is said to be accepting iff, for every infinite branch in the run tree,
the smallest index «(q) associated to a state that occurs infinitely often

in the labeling of that branch is even.

Given an automaton A = (Z, Q, qo, k, 8, F), the language accepted by A (de-
noted by £(A)) is the set of all the X-labeled k-ary trees for which there exists

an accepting run of A.

Orthogonally, automata can be classified according to several constraints im-
posed over their transition function. In this work, we will use the following

classes of automata:

o Two-way alternating automata: no restriction is imposed over the tran-

sition function.

o (One-way) alternating automata: the transition function does not in-
clude any atom whose first component is —1. Informally, the automaton

will never move “upward” (i.e., towards the root of the tree).

« Nondeterministic automata: the transition function does not include any
atom whose first component is —1 or 0; moreover, for every pair (q, o) €
Q x X, no clause in the disjunctive normal form of §(q, o) can contain

two atoms that share the same first component.

» Wewillalso introduce a non-standard family of automata: zero-free (one-
way) alternating automata, the class of all automata whose transition

function does not include any atom whose first component is —1 or 0.

Moreover, we will say that an ALT A, = (£, Q, qo, k, d) is zero-layered if there

exists a bijection depth : Q — [1 : |Ql] such that, for any two states q, q’ and

14



2.2 Preliminaries: Tree Automata

any symbol c, if depth(q) < depth(q’) then the atom (0, q’) does not appear
in the PBF 5(q, ¢).

From now on we will use the acronyms 2-ALT to indicate two-way alternating
looping automata, ALT for alternating looping automata, ZLT for zero-free al-

ternating looping automata, and NLT for nondeterministic looping automata.

2.2.1 Minimal Run Trees

A minimal run tree for an automaton A over a tree T = (N, T) is a run tree
R = (Ng, p) such that, for every set N, C Ng, the tree R’ = (N}, p) isnota
run tree for A over T. It is clearly possible to obtain a minimal run tree starting

from any run tree and successively removing nodes.

Because of the trivial acceptance condition, any looping automata that accepts
a given tree has an accepting run tree over it that is also minimal. The same
property can be shown to hold for Biichi, co-Biichi and parity automata by a
simple argument: by removing nodes from a given run tree, the set of infinite
branches cannot increase. As a consequence, if all the infinite branches in the
starting run tree satisfy the acceptance condition, so will the infinite branches

of the run tree resulting from the removal.

In the following sections we may therefore choose, without loss of generality,

to only work with minimal run trees.

2.2.2 Partial Run of an Automaton

Given an automaton A = (X, Q, qo,k,8,F),atree T = (N, T),anodev € N

and a state q € Q, a partial run of A over T starting from (v, q) isa N x Q-

15



2.3 Preliminaries: Description Logics

labeled tree PRy = (N, py) that satisfies the following constraints:

« pyle) =(v,q)

« if p})(r) = (v/,q’), then labpgy (1) = 5(q/, T(v")).

Informally, a partial run makes it possible to start an automaton from an ar-
bitrary configuration. This will enable us to build “full” runs of an automaton

piece-wise, by combining smaller partial runs.

2.3 Description Logics

Description Logics [BCM07] are a well-established family of languages de-
signed for knowledge representation and reasoning. Thanks to the balance
they provide between expressivity and computational efficiency, they have
gained acceptance in fields such as information integration [CDGL02b], soft-
ware engineering [BCM 107, Ch. 11] and bioinformatics [BCM 107, Ch. 13].
In particular, the OWL and OWL 2 standardization efforts for the Semantic
Web [W3C04, W3C09] have been heavily influenced by research in the field

of Description Logics.

2.3.1 Syntax and Semantics

Description Logics focus on representing the domain of interest by identifying
groups of individuals (concepts) and relationships between individuals (roles).
The signature of a specific DL language is a pair (C, R), where € and R are two

disjoint sets containing atomic concepts and atomic roles. These symbols can be

16



2.3 Preliminaries: Description Logics

used to form concept and role expressions according to a given set of syntactic

rules.

Fix a signature (C, R), with € = { A; } and R = { P; }. The following grammar
generates the DL language called ALC, which represents the starting point for
most languages in the DL family, and for all the languages used in this work.

The productions R and C identify respectively role and concept expressions.

R — P{|Py]... atomic roles from R
c —- T top concept
| L bottom concept
| AilAgz]... atomic concepts from C
| —C complement
| CucC concept union
| CncC concept intersection
| 3R.C existential quantification
| VR.C universal quantification

The grammar can be extended with other constructs, giving place to more ex-
pressive (and, possibly, computationally more expensive) languages. The ex-

tensions that will be mentioned throughout this work are:
o Functional restrictions: concept expressions of the form (< 1R.T) and
(>2R.T), where R is an arbitrary role expression.

o Unqualified number restrictions: concept expressions of the form (<nR. T)
and (> nR.T), where n is a positive integer and R is an arbitrary role

expression.

17



2.3 Preliminaries: Description Logics

o Qualified number restrictions: concept expressions of the form (<nR. C)
and (> nR. C), where n is a positive integer, R is an arbitrary role ex-

pression and C is an arbitrary concept expression;

o Inverse roles: role expressions of the form P, where P is an atomic role.

It is customary to identify the presence of an extension by appending a letter
to the language name: JF for functional restrictions, N for unqualified number
restrictions, Q for qualified number restrictions and J for inverse roles. The
logic ALCIF, for instance, will include all the basic constructs of ALC plus

functional restrictions and inverse roles.

Given a first order interpretation I = (Ay, 1) over a DL signature (C, R), where
atomic constructs are considered unary predicates and atomic roles are con-
sidered binary predicates, the semantics of an arbitrary DL expression can be

defined by extending - as follows:

(P*)I:{(b,a)eA% : (a,b)ePI}
T = A
11=9
(O =ap\ !
(cuD)!=clu D!
(cnD)Y=cn D!
(ER.C)I:{aeAI : dx € Ar (a,x) ERI/\XECI}

(VR.C)! {aeAI:VXEAI.(a,x)GRI—ﬂceCI}

{
{

(<nR.C)! aeAI;({beAI:(a,b)eRIAbecI}(gn}
)t

(ZnR.

acA: HbeAI : (a,b)ERI/\bECIH>n}

18
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A concept expression C is said to be satisfiable if it does not necessarily denote
the empty concept, i.e. if there exists an interpretation I such that the set C! is

not empty.

An arbitrary concept is said to be in negation normal form if negation only
occurs immediately above atomic concepts. It is possible to rewrite any AL CJQ
concept in negation normal form. We define the mutually recursive functions

nnf(-) and nnf’(-) as follows:

nnf(T)=T
nnf(Ll) =1
nnf(A) = A

nnf(D M D’) = nnf(D) M nnf(D’)
nnf(D LID’) = nnf(D) L nnf(D’)
nnf(3R.D) = IR.nnf(D)
nnf(YR.D) = VR.nnf(D)
nnf((<nR.D)) = (<nR.nnf(D))
nnf((>nR.D)) = (=nR.nnf(D))

nnf(—C) = nnf’(C)

nnf' (T) =1
nnf (L)=T
nnf’ (A) = —-A

nnf’ (D M D’) = nnf’ (D) U nnf'(D’)
nnf’ (D UD’) = nnf’ (D) N nnf’(D’)

nnf’(3R.D) = VR.nnf'(D)
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nnf’(VR.D) = 3R.nnf’(D)

nnf’((<nR.D)) = (=(n+ 1) R.nnf'(D))

ifn=0
nnf’((>nR.D))

—1)R.nnf’(D)) otherwise

nnf’(—C) = nnf(C

It is easy to prove that, for every concept C and every interpretation I over the

same signature, C! = nnf(C)L.

An inclusion assertion is an expression of the form C C D, where C and D are
concept expressions; we say that the interpretation I is a model of the assertion
(or just “models the assertion”) iff C! C D!. A TBox is a set of inclusion asser-
tions; an interpretation I is a model of a given TBox T (we will write I = 7) if

it is a model of every assertions contained in the TBox.

A TBox is said to be satisfiable if it has a model; a concept C is said to be
consistent in a TBox 7 if there exists a model I = T such that C! # (). Clearly,

a TBox T is satisfiable iff the concept T is consistent in 7.

A TBox T logically implies an assertion C C D (we will write T = C C D) iff
every model of T is also a model of T U { C C D } or, equivalently, the concept

C M —D is not consistent in 7.

2.3.2 The Tree Model Property

A tree-shaped interpretation 1 = (Ar, 1) over a given DL signature (C, R) is an

interpretation that satisfies the following constraints:

1. Ajisa k-tree, for some k € N;
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2. every individual is connected to all and only its child nodes, i.e.:
o for every role P € R and every pair (v,v’) € P, either v/ = init(v)
orv = init(v’);

« for every individual v € Ay, there exists a single role P € R such

that either (init(v),v) € PLor (v, init(v)) € PL

For any concept expression C over the signature (€, R) (which we suppose
without loss of generality to be in NNF), let sub(C) be the set of subconcepts

of C — i.e. all the concept expressions that occur inside C, including C itself:

sub(A) ={A}
sub(—A) ={—-A}
sub(T)={T}
sub(L)={L1}
sub(CrC’)={CuUC’'} Usub(C) U sub(C")
sub(CLIC’)={CnNC’"} Usub(C) U sub(C)
sub(3R.C) ={3IR.C} U sub(C)

sub(VR.C) ={VR.C} U sub(C)

Let exs(C) be the set of existential subconcepts of C — i.e., subconcepts of C of
the form 3R.C’. We define idxc as an arbitrary but fixed bijection from exs(C)

to [1: |exs(C)|].

A tree interpretation I = (Ay,-) is subconcept ordered with respect to C iff

these two properties hold:

o the branching degree of Aj is greater or equal to |exs(C);
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« for any individual v and any existential subconcept IR.D from exs(C),

ifv e (3R.D)  then (v, v -idxc(3R.D)) € Rland v - idxc (3IR.D) € CL

Intuitively, we can use idxc as a “lookup table”: given an existential concept
JR.D € exs(C), let i = idxc(3IR.D); in order to check whether an individual

satisfies IR.D we only need to check its i-th child.

Theorem 2.1. (Tree Model Property)  For any satisfiable ALCI concept C,

there exists a tree-shaped interpretation 1 = (Ay, 1) such that ¢ € CL

Proof. Let C be an ALCJ concept in negation normal form over the signa-
ture (C,R), and let I = (Ar,-!) be an interpretation such that there exists an
individual a € C!. We will show a procedure to build a tree-shaped interpre-
tation J = (Ay,J) such that ¢ € CJ. This specific kind of model manipulation

is usually referred to as unraveling.

Let k = |exs(C)J; let 1 be a partial mapping from [1 : k]* to Ay built as follows:

1. let u(e) = q;

2. foreveryvin the domain of i and every existential subconcept IR.C € exs(C),
if p(v) € (FR.C)! let pu(v - idxx(3R.C)) be an individual ¢ such that
(u(v),¢) € Rland ¢ € CL.

We will build the tree model J = (Ay, ) as follows:

e Ay={vel[l:k* : u(v)isdefined};
« for every atomic concept A € €, Al = {ve Ay : u(v) e Al};

« foreveryatomicroleP € R, PV = { (v,v') : (n(v),u(v')) € PLrel(v,v') },

where rel(v, V') is true if either v = init(v') or v/ = init(v).
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It is easy to verify that this interpretation is subconcept-ordered with respect

to idXé.

We claim that, for every v € A; and every concept C € sub(C), if u(v) € C!

then v € CJ. We will prove it by induction over the structure of C.

C is an atomic concept. This base case holds by construction.

C =—A By definition,v € CJ iff v ¢ AJ; by inductive hypothesis, this

holds iff u(v) ¢ Al or, equivalently, u(v) € CL

« C=DUE By definition,v € CJiff v € DI U FJ; by inductive
hypothesis, this holds iff u(v) € D! U E! = CL

C=DMNE By definition,v € CNiff v € D) N EJ; by inductive
hypothesis, this holds iff u(v) € D! n E! = CL

C=3R.D Leti=idx(C);by construction, u(v) € Cliff (v,v-i) € R/

and v - i € DJ. By definition, this is equivalent to saying that v € CJ.

« C=VR.D Byconstruction,all the R-successors of v are counter-images
of R-successors of u(v). By definition, if pu(v) € C! then all of its R-
successors are in D!, and by inductive hypothesis this means that all of

their images are in D’. As a consequence, v € CJ.

By construction u(e) € Cl, and therefore ¢ € CJ, O

2.3.3 TBox Internalization

We will define a custom DL extension, denoted by the subscript prop, which

adds to the underlying language propagated concepts of the form Vu*.C. We
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impose a further restriction on this construct, specifying that propagated con-
cepts can never appear under the scope of an odd number of complementation
operators. Given a signature (€, R) and an interpretation I = (A, 1) over the
specified signature, the semantics of this construct are defined by extending -!

as follows:

('LL*)I _ (U PI U (P)I>

PER
where X* represents the transitive-reflexive closure of X over Ay, the smallest

set such that:

1. X C X%
2. Vx,y,z. (x,y) € X* N\ (y,z) € X* — (x,z) € X*;

3. Vx € AL (x,x) € X*.

It follows that the role u* connects an individual to every other individual that

is reachable via any combination of atomic and inverse roles.

We will say that an interpretation is connected iff any individual in its domain
can be reached from any other individual via a concatenation of direct and
inverse roles of arbitrary length. Formally, the condition can be stated as fol-
lows: for every two individuals a,b € Ay, there exists a finite sequence of
objects cy,...,cn € Arsuch that ¢c; = a, c, = b and the following condition

holds.

Vie[l,n—1]. \/ ((ai, aiv1) € PPV (aiy1,aq) € PY)
PeR

By definition, any tree interpretation is connected. The following result, shown

in the context of Modal Logics [Kri67] and Propositional Dynamic Logics
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[Str82], clearly holds for a wide family of DL languages.

Lemma 2.2. For every satisfiable ALCIprop concept C, there exists a connected

model I = (Ay, 1) such that C! # 0.

Intuitively, the importance of concept propagation lies in the fact that it allows
us to encode global constraints on connected models in a concept expression:

we will clarify this claim in the following lemma.

Lemma2.3. Given an AL Cprop concept Yu*.C and an interpretationl = (Ay, 2
defined over the same signature such that (Yu*.C)! # 0, if 1 is connected then

Cl=A,

Proof. It is immediate to verify that, if I is connected,
(u*)' = (A1 x Ayp). The statement is therefore a direct consequence of the

semantics of u*. O

This property makes it possible to “embed” a description of a TBox in a sin-
gle concept, as shown in the following theorem. Intuitively, we will use the
propagation construct to check that each individual in the domain of the in-
terpretation satisfies every inclusion assertion in the TBox, therefore asserting

that the interpretation satisfies the TBox.

First of all, we need to show that the addition of propagated concepts to the

language does not invalidate our previous result on tree-shaped models.

Theorem 2.4. For any satisfiable AL CJpop concept C, there exists a tree-shaped

interpretation 1 = (Ay, 1) such that e € CL

Proof. We have to extend the structural induction argument contained in the

previous proof with a further case.
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When C = Vu*.D, let M be the domain of p. By construction, every individ-
ual in M is reachable from p(v) and therefore, by definition, if v € C! then

M C DY by inductive hypothesis, N = D) and therefore v € (vu*.D)l. [

We can now show that propagated concepts give us enough expressive power

to apply a construction called TBox internalization, first described in [Baa91].

Theorem 2.5. (TBox Internalization) Given a TBox T expressed in a sublan-

guage of ALCT, let C be the concept defined as follows:

Cqy = |—| —-C; uD;
CiEDi inT

The following results hold:

« TBox satisfiability: T is satisfiable iff the concept Yu*.Cy is satisfiable;

« Concept consistency: a concept C is consistent in T iff the concept Cn

Vu*.Cy is satisfiable.

Proof (sketch). By the previous lemma, we know that a € Vu*.Cy iff every
individual in A; models Cs. By the definition of Cs, this means that every
individual a’ € A; models every subconcept —C; U Dj, and therefore models

all the inclusion assertions in T: therefore, by definition, I models T itself. [

When combined with Theorem 2.4, these results allow us to restrict our atten-
tion to tree-like models and, therefore, make it possible to use automata-based

techniques to determine satisfiability and consistency.

Corollary 2.6. Given a TBox T expressed in a sublanguage of ALCJ, let C be
the concept previously defined. The following results hold:
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« TBox satisfiability: T is satisfiable iff there exists a tree-like interpretation
I= (A1, D) such that (Co)! = Ay ;

« Concept consistency: a concept C is consistent in T iff there exists a tree-

like interpretation 1 = (Ay, 1) such that (Cq)! = Ayand e € CL,

Proof. According to Theorem 2.4, if the concept C1Vu*.Cq is satisfiable then
there exists a tree-like interpretation I = (Ay, ) such that ¢ € (C 1vu*.Cq).
Since a tree-like interpretation is by definition connected (i.e., there exists a
path between any two individuals in Ay), it follows that ¢ € (vu*.C)!iff every

individual is in (C)L. O
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Chapter 3

Automata for Description Logics

As first shown in [CDGL99], automata-based techniques similar to those used
in other fields of logic (see [VWO07]) can be applied to a broad family of De-

scription Logics thanks to the tree model property.

In this chapter, we will present a strategy for deciding various reasoning tasks
over DL TBoxes. We will show how to build an automaton that recognizes
an encoding of tree-shaped models; as a consequence, the reasoning problem
at hand can be reduced to checking whether the language recognized by the

automaton is empty.

3.1 Automata for ALC Concepts

Let 7 be an ALE TBox and C be a ALE concept defined over the same DL

signature (€, R). Let C be the concept defined in Theorem 2.5:

annf( |_| {uD)

CCDeT
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Let £ = {one } U 2%, where ope is a fresh symbol.

Let sub, exs, and idxémvm.cg (from now on referred to as idx) be the func-
tions defined in Section 2.3; let k = |exs(C M Vu*.Cq)|. Given a tree-shaped
interpretation I = (Ay, -1) which is subconcept ordered with respect to the the

function idx, we define treeEnc(I) = ([1 : k]*, T) as follows:

o foreveryv e Aplett(v) ={A €€ :veAl};

o foreveryv e [1:k]* \ Ay, let T(v) = Ope.
We define the function all : R — 21 as follows:
all(P) = {1 : idx '(i) has the form 3P.C }

i.e., all(P) is a set containing the indexes of all the existential subconcepts that

“talk about” the role P.

Let Aut(T,C) = (£, Q, C,k,8) be an alternating looping automaton, where
is the labeling alphabet previously defined, Q = { qo, qtbox: gne } U sub(C) U
sub(Cy) (where sub(C) is the set containing all the subconcepts of C, includ-

ing C itself).

The transition function 5 is defined by structural induction over its first argu-

ment:

~

8(qo,c) = (0,C) A (0, qtbox)

d(qtbox, ) = (0,Cq) N /\ (1, dtbox) V (1, qne)

1<igk

6(Clne,Une): /\ (iaqne)

1<igk
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5(T,c) =true
5(L,c) = false
5(A,c)=true whenA ec
5(—A,c) =true whenA ¢ ¢
8(Cmc’,c)=(0,C)A(0,C")
§(CuC’,c)=(0,C)V(0,C)
5(3P.C, ¢) = (idx(3P.C), C)

5(vP.C.c) = A\ (i,dne) V (i, C)
icall(P)
where c is a symbol from X \ { ope }, A is an atomic concept from €, P is a
role from R, C and C’ are subconcepts of C and every nonspecified entry is

assumed to be equal to false.

Intuitively, a run of this automaton is composed of two threads of execution.
The first thread, starting from the state C, checks whether the root of the tree is
a model of the given concept; the second thread, starting from the state qpox»
checks whether the current node is a model of Cy and propagates itself to all

the “real” child nodes (those not denoted by the oy,e symbol).
We claim the following results:

Theorem 3.1. Given an ALC TBox T, an ALC concept C defined over the same
signature and a tree-like interpretation 1 = (Ay, ') subconcept ordered wrt idx,
let T = (N, 1) = treeEnc(I) be the tree encoding of 1. Given a nodev € N and
a concept C € sub(C) U sub(Cs), the automaton Aut(T,C) = (Z, Q, C,k,8)

admits a partial run over T starting from (v, C) iff v € CL

Proof. We will use structural induction to show that an automaton starting in
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the configuration (v, C) admits a partial run iffv € CL. In the rest of this proof,
we will use the shorthand PRY. to denote a partial run of A over T starting in

the configuration (v, C), where v is a word from N and C is a state from Q.

The base cases can easily be shown to hold: if C is an atomic concept, 5(C, t(v))
is satisfiable iff C € t(v), which by construction only holds iff v € CL;if C =
—A, where A is an atomic concept, §(C, t(v)) is satisfiable iff A ¢ t(v), which

by construction only holds iff v ¢ A! or, equivalently, v € CL

The various iteration steps can be shown to hold as follows:

« C=DnE Byinductive hypothesis, v € Cliff Aut(T, C) admits
a partial run PR}, = (N}, p};) and a partial run PRY = (NY,py). If

v € Cl, a partial run PRY. = (N, pt) can therefore be built as follows:

NE={0-v:veNjH}U{l-v:veN¢}
pele) = (v, C)
pH(v) ifc=0

pr(v') ifc=1

On the other hand, if v ¢ C! then Aut(T, C) does not admit a partial
run starting from (v, C), since such a run would necessarily contain the
prefixed version of two partial runs for (v, D) and (v, E). By inductive
hypothesis, this would imply that v € D! N El = C, causing a contra-

diction.

« C=D UE Byinductive hypothesis, v € Cliff Aut(7, C) admits a

partial run PRY, for (v, D), a partial run PRY. for (v, E) or both. If v € Cl,
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a partial run PRY. = (N, p{) can therefore be built as follows:

PRY, ifve D!
(NX, ©™%) =
PRY  otherwise

c={elU{0-v:veNy}
pt(e) = (v,C)

pe(0-v) = px(v')

On the other hand, if v ¢ C! then Aut(T, C) does not admit a partial run
starting from (v, C), since such a run would necessarily contain the pre-
fixed version of a partial run from (v, D) or (v, E). By inductive hypoth-

esis, this would imply that v € D! U E! = C!, causing a contradiction.

¢« C=3RD Leti = idx(C); by construction, v € Cliffv-i € DI; by

inductive hypothesis, v - i € D! iff Aut(7, C) admits a partial run PRy
for (v - i, D). A partial run PRY) = (N}, py)) can therefore be built as

follows:

b={etu{0-v: veN‘lgi}

On the other hand, if v ¢ C! then Aut(T, C) does not admit a partial
run starting from (v, C), since such a run would necessarily contain the
prefixed version of a partial run from (v - i, D). By inductive hypoth-
esis, this would imply that v - 1 € D! and therefore v € C!, causing a

contradiction.
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« C=VR.D Byconstruction,v € Cliff, foreveryi € all(C), v-iis either
undefined (i.e., T(v - i) = 0pe) or is an individual in D!. By inductive
hypothesis, the condition can be restated as follows: v € C!iff, for every
i € all(C), Aut(T, C) admits either a partial run PRY! or a partial run

PR‘é}l- A partial run PR}y = (N}, py5) can therefore be built as follows:

PREY  ifv-ie D!
(Ntmp7 ptmp) =

PR‘&';; otherwise

b={e}u {i-v/ :ieall(C),v' € Nemp}
pp(e) = (v,C)

p\])J (i V/) = ptmp(\)/)

On the other hand, if v ¢ C! then Aut(T, C) does not admit a partial run
starting from (v, C), since such a run would contain, for each i € all(C),
a prefixed version of a partial run from either (v - i,D) or (v - i, gne)-
By inductive hypothesis this would imply that, for every i € all(C), v - i
is either undefined or a member of D!, and therefore v € C!, causing a

contradiction.

[]

Theorem 3.2. Given an ALC TBox T, an ALC concept C and a tree interpre-
tation 1 = (Ar, 1) over the same signature, let T = treeEnc(I). The automaton

Aut(T, C) accepts Tiff Cy = Ayand ¢ € CL

Proof. The automaton will admit a partial run starting from (e, qpox) iff, for

every node v such that t(v) # one, the automaton either admits a partial run
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starting from (v, Cg) or a partial run starting from (v, qne). By the previous
theorem, this is equivalent to stating that the automaton admits a partial run

starting from (¢, qpox) iff the two conditions hold:

Vv e [1:K* t(v) = one Vv € (Cq)!

Vv,v/ € [1:K*. T(v) = 0ne = T(v- V') = Ope

If I satisfies these conditions, it is clearly a model of T; as a consequence, the
automaton will allow a partial run starting from (e, qeox) iff I = 7. By the pre-
vious theorem, Aut(T, C) will admit a partial run over T starting from (e, Q)
iff e € C1, and therefore Aut(7T, C) will admit a run over T iff I is a model of T

where ¢ € CL O

This result enables us to claim the following theorem: we can reduce the prob-
lem of concept satisfiability to an emptiness check of an alternating looping

automaton.

Theorem 3.3. An ALC concept C is consistent in an ALC TBox T if and only if
the language accepted by the automaton Aut(T, C) is not empty.

As a consequence, we can claim the following corollaries.

Corollary 3.4. An ALC TBox T is satisfiable if and only if the language accepted

by the automaton Aut(T, T) is not empty.

Corollary 3.5. An ALC TBox T implies an inclusion assertion C C D if and

only if the language accepted by the automaton Aut(T, C 1 —D) is not empty.
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3.2 Automata for ALCJ Concepts

The introduction of inverse roles makes it possible to model complex scenar-
ios in a more “natural” way. We must somehow change our construction to
take into account the fact that now we must be able to follow roles in both di-
rections. Intuitively, when talking about tree models, this results in “upwards”
transitions: as we have seen in Section 2.2, two-way alternating automata can

accomplish this task.

We will therefore reformulate the constructions of Section 3.1 in a way that
takes into account the new requirements imposed by the presence of inverse

roles.

Let T be an ALCJ TBox and C be a ALECJ concept over the same DL signature
(C,R). Let Cq be the concept defined in Theorem 2.5, and let X be a labeling

alphabet defined as follows:
T ={one} U ({Re}URF)x2°

where RT = {P,P~ : P € R}, and ope, Re are fresh symbols.

Let sub, exs, andidx s, Co (from now on referred to as idx) be the functions

defined in Section 2.3; let k = |exs(C) U exs(Cq)|.

Given a tree-shaped interpretation I = (Ay, ) which is subconcept ordered

with respect to the function idx, we define treeEnc’(I) = ([1 : k]*, T) as follows:
o Let roleAt : A; — RT be a function such that roleAt(¢) = R, and

roleAt(v) = Riff idx ! (last(v)) is a concept of the form 3R.C.

o LetatomsAt(v) = {A €€ : ve Al }.
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« Foreveryv € Ay, let T(v) = (roleAt(v), atomsAt(v)).
o Foreveryv € [1:Kk|*\ Ap, let T(v) = Ope.
This differs from the previous construction in that we now need to keep track

of the role with which we reached the current node. We will store it as the first

component of the label, using the special symbol R, to mark the root node.

Similarly as before, we define the function all : R* — 21! as follows:
all(R) = {i : idx '(i) has the form 3R.C }

i.e., all(R) is a set containing the indexes of all the existential subconcepts that

“talk about” the role R.

Let Aut’(T,C) = (Z, Q, do, k, 8) be a two-way alternating looping automaton,
where X is the labeling alphabet previously defined, and the set of states Q is

defined as follows:

Q =1{qo; Gtbox: ne; qwf } U {Pypi : Pe R} U sub(é) U sub(Cy)

Intuitively, a run of the automaton will be constructed by three independent
“threads” of execution. The partial run starting in the state qys will check that
the tree labels are “well formed”, by forcing every non-one child node to have
the correct label according to the function roleAt. The partial runs starting in

the states gox and C serve the same purpose as in the previous construction.

The transition function 4 is defined by structural induction over its first argu-

ment:

5(do; (Re, ¢)) = (0, C) A (0, qebox) A (0, )
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8(qus (1)) =\ (1, dne) V ((i, roleAt(1)) A (i, qus))

1<igk
8(dtbox: (1:¢)) = (0,C3) A A (i, dne) V (i, depox)
1<igk
d(gne; One) = /\ (1, qne)
1<igk

5(T, (r,c)) = true
5(L, (r,c)) = false
5(A, (r,c)) =true whenA €c
5(—A, (r,c)) = true when A ¢ c
5(R, (R, c)) = true
5(CMC’,(r,c)) = (0,C) A(0,C)
5(CLUC’,(r,c)) = (0,C)V (0,C)
5(3R.C, (r,¢)) = (idx(IR.C), C)

§5(VR.C, (R, c))

(LA A (idne) V (1,C)
icall(R)

S(VR.C,(r,c)) = /\ (i,qne)V(i,C)  withr#R"
i€all(R)

where (r, ¢) is a symbol from X \ { 0pe }, A is an atomic concept from €, R is a

role from R%, C and C’ are subconcepts of C and every nonspecified entry is

assumed to be equal to false.

We claim the following results:

Theorem 3.6. Given an ALCI TBox T, an ALCI concept C defined over the

same signature and a tree-like interpretation I = (Ay,-1) over the signature of

C, let T = treeEnc/(

I)
construction; Aut’ (T, C) accepts T iff e € CL
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Proof. The proof is very similar to the one for Theorem 3.2: we will use struc-
tural induction to show that an automaton starting in the configuration (v, C)

admits a partial run iffv € CL,

First of all, we will note that the definition of 5(qyf, -) guarantees that the role
labeling of the tree is consistent with the constraints imposed by the construc-

tion:

« the root is labeled with a pair whose first component is R;

o ifi = idx(3R.D), the i-th child of a given node is either labeled with gne

or with a pair that has R as the first component.

For the states in sub(C) U sub(Cs), we can use an inductive argument similar
to the one in the proof of Theorem 3.1. The only induction case that differs

from the previous construction can be shown to hold as follows:

e« C=VR.Dandt(v) = (R7,c) By construction,v € Cliffinit(v) € D!
and, for every i € all(C), v - i is either undefined (i.e., T(v - i) = One)
or is an individual in D!. By inductive hypothesis, the condition can be

restated as follows:
1. Aut’(T, C) admits a partial run starting from (init(v), D);
2. foreveryi € all(C), Aut’(T, C) admits either a partial run PRY* or

a partial run PR‘(;':Q.

A partial run PRY = (N}, p}3) can therefore be built as follows:

o PRYY ifv-ie D!
(NX* px") =

PRY]':e otherwise
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B=ledu{ov v eNg Ui sieall(C)y e Ng'
ol(e) = (v,C)
B (0-v/) = pN ™M (v

PR (A-v) =p%i(v)

On the other hand, if v ¢ C! then Aut(C) does not admit a partial run
starting from (v, C), since such a run would contain a prefixed version of
a partial run from (init(v), D) and, for each i € all(C), a prefixed version
of a partial run from either (v-1, D) or (v-1i, gne). By inductive hypothesis
this would imply that init(v) € D and, for every i € all(C), v -1i s either
undefined or a member of D!: this would imply that v € C, causing a

contradiction.

Once again, we can reduce the problem of concept satisfiability to an empti-

ness check of an alternating looping automaton.

Theorem 3.7. An ALCJ concept C is consistent in an ALCI TBox T if and only

if the language accepted by the automaton Aut’ (T, C) is not empty.

As a consequence, we can claim the following corollaries.

Corollary 3.8. An ALCI TBox T is satisfiable if and only if the language ac-

cepted by the automaton Aut’ (T, T) is not empty.

Corollary 3.9. An ALCI TBox T implies an inclusion assertion C C D if and

only if the language accepted by the automaton Aut’ (T, C 1 —D) is not empty.
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3.3 Automata for ALC" Concepts

The Description Logic ALC" is a nonstandard extension of ALC which per-
mits a limited usage of functionality restrictions (see the definitions given in
Section 2.3). An ALC" TBox over a signature (C, R) can contain two kind of

assertions:
o inclusion assertions of the form C C D, where C and D are ALC concept
expressions over the signature (C, R);
o global functionality assertions of the form T C (< 1P. T), often abbrevi-

ated as (func P), where P is an atomic role from R.

We are interested in ALC" as it is exactly the language supported by the current
prototype of the TreeHug reasoner, whose inner workings we will discuss at

length in Chapter 6.

Consider an arbitrary be an AL " TBox T over a signature (C, R). Let T be the
TBox obtained by removing all the global functional assertions from 7, and

let R¢ be the set of functional roles in T

T={CiCD;eT: CiDjare ALC concepts }

Re={P : (funcP) € T}

Clearly, T is an ALC TBox. Let C5 be the concept obtained from the internal-

ization of T (see Theorem 2.5).

We will claim the following result:
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Lemma 3.10. The concept C is consistent in the ALCT TBox T iff there exists
a tree model for C 11 vu*.Cs such that, for each role P € Ry, Pl is a functional

relation (i.e., every individual in Ay has at most one P-successor).

Proof. Any model I = (Ay, 1) for T where (C)! # 0 can be transformed into
a tree model by following an unraveling procedure similar to the one used in

the proof of Theorem 2.4.

On the other hand, a tree model for C I Vu*.Cs5 where all the roles in R¢ are

functional is obviously a model of T, and therefore a witness of the consistency

of Cin 7. O

Fix an arbitrary bijection ridx : Ry — [1 : |R¢[l. Let sub, exs and idxc (for
any concept C) be the functions defined in Section 2.3. For every concept C,
let exs®(C) be the set of all the existential subconcepts that do not refer to a

functional role:

exs® (C) ={3P.D e exs(C) : P & R}

Without loss of generality, assume that every function idxc enjoys the follow-
ing property: for any concept 3P.D in exs(C) with P ¢ R¢, idx¢ (3P.D) < lexs®r(C)I.

Let idxjéf be a function defined as follows:

N idxc(3P.D) ifP ¢ Re
idxX"(3P.D) =

lexs®7(C)| + ridxx, (P) otherwise

We will use this new “lookup function” analogously to how we used idx in
the previous constructions. The main difference lies in the fact that, this time,

all the existential subconcepts dealing with a given functional role must be
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satisfied by a single successor. This is reflected by the fact that, for any two
subconcepts of the form 3P.D and 3P.D’, if P € R¢ then idxjéf(ElP.D) =
idx " (3P.D).

Let C be an ALCT concept defined over the same signature of T. The results
obtained in Section 2.3.3 can easily be extended to ALE", showing therefore
that C is consistent in T iff there exists an interpretation I = (Ar, -I) which

enjoys the following properties:
o The set Ajis a tree;

« For every concept P € Ry, Pl is a functional relation;

« The root node ¢ belongs to C M vu*.Cs.

Let idx; be a shorthand for the function idx™~* . Given an interpretation
Crvur.Cs
I = (Ay,!) such that I = T and ¢ € CI, we will build a tree model J = (Ay, J)

by rearranging sibling nodes such that the following properties hold:
« For any v € Aj and every concept 3P.D € exs®/(C M vu*.Cs) with
P ¢ R¢,ifv € (3P.D) then (v, v-idx(3P.D)) € Pland v-idx(3P.D) € D;
« Foranyrole P € R; and any pair (v,v-j) € PLj = |estf(C)|+ringqf(P).
The second property follows from the fact that P! is functional, and therefore
any given node will have at most one P-successor.

We will call models which enjoy these properties subconcept ordered with re-
spect to the function idx;. Note that this idea slightly differs from the previous

definition of subconcept ordering: intuitively, this time we take into account
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the fact that all the existential subconcepts that “talk about” a functional role

P € R¢ will be satisfied by a single successor.

Let k = |exs®f(C)| + [R¢|. Let £ = { ope } U 2¢, where oype is a fresh symbol.

We define the function all; : R — 21 a5 follows:

i.e., all¢(P) is a set containing the indexes of all the existential subconcepts that

“talk about” the role P - only, this time we refer to the function idx;.

LetAuts (T, R¢, C) = (£, Q, C, k, 5) bean alternating looping automaton, where
X is the previously defined alphabet, Q = { qo, qtbox; Gne } U sub(C) U sub(Cs)
and 6 behaves almost exactly like the transition function defined in Section 3.1.

We only change the definition of § in two cases:

§(3P.C, ¢) = (idx¢(3P.C), C)

5(vP.Coc) = /\ (i,qne) V (i,C)
icallg (P)
i.e., we now use our modified “lookup function” idxs. We claim the following

result:

Theorem 3.11. Let] = (A}, )) be a tree-shaped interpretation which is subconcept-
ordered with respect to the function idx¢. Let T = treeEnc(J) (where treeEnc is
the function defined in Section 3.1). The automaton Auts(T, R¢, C) accepts T iff
Cy=Arande € CL.

The proof is virtually identical to the one for the ALC case. Just like in the case

of ALC and ALCI, we have all the tools we need to reduce decision problems
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on ALCT TBoxes to decision problems on tree automata, as expressed in the

following corollaries.

Corollary 3.12. An ALC" TBox T is satisfiable if and only if the language ac-

cepted by the automaton Aute(T, R, T) is not empty.

Corollary 3.13. An ALC" TBox T implies an inclusion assertion C C D if and

only if the language accepted by the automaton Aut (T, R¢, CT1—D) is not empty.
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Chapter 4

Automata Decision Procedures

In the previous chapter we have shown a way to reduce DL reasoning tasks
to emptiness checking problems over tree automata; the “missing piece” is an
algorithm that decides efficiently whether the language accepted by an au-

tomaton is empty or not.

In this chapter we will introduce a family of algorithms developed with a
strong focus on simplicity and implementability. Notably, these algorithms
manage to avoid the main drawback of automata-based decision procedures:
all the objects created during the intermediate steps can be constructed lazily

and disposed early.

Note that in the rest of this chapter we will make extensive use of the acronyms
introduced in Section 2.2: 2-ALT for two-way alternating looping tree au-
tomata, ALT for (one-way) alternating looping tree automata, ZLT for the
nonstandard family of zero-free looping tree automaton, and NLT for non-

deterministic looping tree automata.

We will begin by showing an algorithm that decides whether the language
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recognized by a NLT is empty. In the following section we will describe an al-
gorithm which removes zero-transitions from an alternating automata, there-
fore transforming a zero-layered ALT into a ZLT; this will pave the way for
the next section, where we introduce an algorithm that, starting from a ZLT,
builds a NLT that recognizes the same language. As a consequence, we will be
able to decide emptiness of a zero-layered ALT by deciding the emptiness of
the equivalent NLT.

We will conclude the chapter by showing a procedure that, starting from a
zero-layered 2-ALT, builds a zero-layered ALT that accepts an annotated ver-
sion of the trees accepted by the first automaton. As a consequence, we will be
able to reuse the previously introduced chain of reductions to decide empti-

ness of zero-layered 2-ALTs.

4.1 Emptiness of an NLT

Let Ap = (Z,Q, wo, k, dn) be a nondeterministic looping automaton over Z-

labeled k-ary trees. We define the function step : 22 — 2 as follows:

step(Q) ={we Q' : 3@’ € (Q")*,c € L. makeSet(&’) k= n(w,c) }

where makeSet((w/{,...,wi)) = { (1, wq),..., (k,w}) }. Intuitively, given a

set Q' C Q, the set step(Q’) contains all the states in Q' for which the tran-

sition function can be possibly satisfied by using only states in Q.

Example4.1. Let A, = (£, Q, qo, k, 8), where the components of the tuple are

defined as follows:

X ={a,b}
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Q ={qo,wq,wv}
k=2
5(qo, a) = (1, wa) N (2, wy)
§(wa,a) =(1,wa) A (2, wa)

d(wyp,b) = (1, wp) N (2, wy)

We can see that qg ¢ step({ qo, wq }), as neither 5(qg, a) nor 5(qp, b) can be
satisfied by the set [1 : 2] x { o, wq }. On the other hand, w, is clearly con-
tained in step({ wq }), since d(wq, a) can be satisfied by { (1, wq), (2, wq) }.

Let Qgy be the greatest fixed point of step, i.e. the biggest subset of Q such that
step(Qfx) = Qgiyx. It is clearly the case that, for any two sets Q/, Q" € 29, if
Q' C Q" then step(Q’) C step(Q"): the function step is monotone increas-
ing. We can therefore apply the Knaster-Tarski fixed point theorem, which
states that the greatest fixed point Qgy is guaranteed to exist and can be calcu-

lated as follows:

Qgx = step' 2 (Q) = (step o - - - o step)(Q)

| Q)| times
Example 4.2. (cont. from Example 4.1) In this case it is easy to check that
step(Q) = Q, and therefore Qg, = Q. [ |
We can claim the following theorem:

Theorem 4.1. The language recognized by an automaton A, = (Z, Q, qo, k, 0)

is not empty iff qo € step/?/(Q).
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Algorithm 4.1 Construction of a non-emptiness witness for a NLT

let Nt := 0, Ng :={e}, p(e) := (&, qo)
while N \ N1 # 0 do
let N := Ng \ Nt
for each vin N do
let N7 := Nt U {v}
let w,, := second(p(v))
let T(v) := sym(w,,)
for each (i, w;) in adv(w,,) do
let Ng :=Ng U{v-i}
letp(v-1i):= (v-1i, wy)
end for
end for
end while
return T = (N1, 1), R = (Ng, p)

Proof. (< direction)  Given the set Qg = step//(Q) and knowing that
qo € Qfx, we will build a tree that is recognized by A,. For every w € Qgy,

we define the following functions:

« sym(q) is a symbol ¢ € X such that 5(q, c) is satisfiable;

o adv(q) is a set of the form { (1, w1),..., (k,wy)} C [1 : k] x Qg that

satisfies 6(q, sym(q)).

These objects are guaranteed to exist by hypothesis. Moreover, from the defi-
nition of NLT it follows that a number in [1 : k] can appear at most once as an

index in adv(q).

Let T = (N, 7) be a Z-labeled k-tree and R = (Ng, p) bea (N x Q)-labeled

tree constructed using the sym function to determine the labeling, and the
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adv function to determine the successors of the current node, as described in

Algorithm 4.1. It is easy to check that Ny is a valid run tree for A, over T:

* p(e) = (& qo);

o for every v € Ng, with p(r) = (v, q), the labeling of the child nodes
satisfies 8(q, t(v)) by virtue of the definition of the functions sym and

adv.

Since A, recognizes T, the language £(A,) is obviously non-empty.

(= direction) Let T = (Nt,7) be a tree recognized by A,, and let R =

(Ng, p) be an accepting run of A, over T; let Q' be the set defined as follows:

Q'={q:3IreNg,ieNpr)=({w)}

First of all, we will show that step(Q’) = Q’. Every state w € Q' appears at
least once in the run tree, so there exists anoder € N such that p(r) = (v, w).
Since Ris a run tree, the labeling of the child nodes of r must satisfy 6(w, T(v)).
By the construction of O/, every child node of r is labeled with a state from Q’,
and therefore q € step(Q’). This entails that Q" C step(Q’); by definition,
though, step(Q’) C Q’, and therefore step(Q’) = Q.

Clearly, step/©!(Q’) = Q. Since step is a monotone increasing function and
Q' C Q, it follows that step!!(Q’) C step!?!(Q) and, therefore, Q' C
step/ 2/ (Q). The root node of R is labeled with the initial state, therefore wq €

Q/; it follows that qo € step/!(Q). O
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4.2 Removing Zero Transitions

As mentioned in Section 2.2, an ALT A, = (X, Q, qo, k, 8) is said to be zero-
layered if there exists a bijection depth : Q — [1 : |Q[] such that, for any two
states g, q’ and any symbol c, if depth(q) < depth(q’) then the atom (0, q")
does not appear in the PBF 8(q, c).

We will start by claiming the following theorem:

Theorem 4.2. All the automata resulting from the constructions described in

Chapter 3 are zero-layered.

Proof. The initial state qo does not appear in any value of the transition func-
tion, and can therefore be assigned the maximal depth |Q|. The atom (0, qtpox)
only appears in the transition function for qo: qox can therefore be assigned
the depth |Q| — 1. Analogously, for the case of ALCJ automata, the atom
(0, qws) only appears in the transition function for qo, and can be assigned
the depth |Q| — 2. The state qne never appears in a zero-transition, and can

therefore be assigned any arbitrary depth.

The other states are all DL concepts. The transition formula for a concept C
only includes atoms whose second component is a subconcept of C. These
states can therefore be ordered such that, for any two concepts C and D, if D

is a subconcept of C then depth(D) < depth(C). ]

Given a zero-layered alternating looping automaton A, = (X, Q, qo, k, 8), we
define a function 8y : Q x X — PBF([1: k] x Q) and, for every state q and ev-

ery symbol c, a substitution oqc:

oq.c ={((0,9"), 80(q’,c)) : q’ € Q, depth(q’) < depth(q) }
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60((], C) - 6(q7 C)O-q,c

Informally, the substitution oy, collapses all the zero-transitions involving
states “less deep” than g, by replacing every atom of the form (0, q’) with the
PBF that specifies the transition for q’ with respect to the current input char-

acter.

The definition given above is well-formed and removes all the zero-indexed
atoms: since A, is zero-layered, an atom of the form (0, q) can only appear
in § if the depth of q’ is smaller than the depth of q. As a consequence, the
value of 8y(q, c) only depends on the value of & for the states having a depth
smaller than the depth of q. It is therefore possible to compute &, by applying
the substitution o4 ¢ to the state with depth 1, and proceding up to the state
with depth |Q|. The automaton A, = (X, Q, qo, Kk, do) is therefore zero-free —

i.e., it does not contain zero-transitions.
In order to help us with the proof, we will claim the two following lemmas.
Lemma 4.3. Given a state-symbol pair (q,c) anda setT" C [1 : k] x Q, if T
satisfies 8o(q, c) there exists a set QT (I') C Q such that:

1. thesetT™ =T U ({0} x Q™(T")) satisfies 5(q, c);

2. foreach q' € QT (), T satisfies do(q’, c).
Proof. Starting from a set I" that satisfies §o(q, c), we will construct aset Q*(T")
that satisfies the given conditions.

Without loss of generality, suppose that §(q, c) is a formula in disjunctive nor-
mal form (it is always possible to obtain a formula in DNF which is equivalent

to a given formula). Let therefore 5(q,c) = ©;1 V - - -V Oy, where each O is
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a conjunction of the form wj ; A --- /A Wi m,, and each w; ; is an atom from

[1:k] x Q.

Moreover, each formula ©; can be thought of as being made by two separate
formulae W; A @, such that W; = (0,qi,1) /\--- /A (0, gin,) is a conjunction
of all the atoms in ©; whose first component is zero, and @; is a conjunction

of all the other atoms.
By definition, 8o(q,c) = 8(q, ¢)oq,c. By applying the substitution to the for-

mula above, we obtain that

So(q,C) = ®lgq,c \VR '\/@an@

Since T satisfies 8¢ (q, c), there must exist a subformula ©; 04, which is satis-
fied by I'. Let Q™ (T") be the set of states that appear in atoms of ®; whose first

component is O:

Q"N ={q €Q : (0,q") appears in ©; }
We can rewrite ©; as follows:

@ =0{A A (0,q)
q'eQ*(IN

where O/ is a conjunction of all the atoms in ®; whose first component is not

zero. By the definition of 04 ¢, we can infer that

Oioqc =0{A  /\  Solq’,c)
q’'eQ*(I)

Therefore, since I" satisfies ©;04,c, it must also satisfy 59(q’, c) for all the q’
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in QT (T"). Moreover, since I" satisfies ©j, it is easy to check that the set ' =
MU ({0} x QT(T)) satisfies 5(q, c), as the new set contains all the conjuncts

from §(q, c) that do not appear in §¢(q, c). O

Let T = (N, t) be a Z-labeled k-tree for which A, admits an accepting run

R = (Ng, p). We define the zero-closure of a node r € Ny as follows:

'=r-c1---cn N p1(r)) # pi(r) A
zeroClos(r) = { v’ € Ny : ! " 1) # o1

Viell:n—1]. pi(r-c1---¢ci) = pi(r)
where p; (v) is the first component of p(v). Intuitively, the zero-closure of a
node in the run tree contains all the nodes that can be reached by successive

zero-transitions. Let Z : Ng — [1, k] x Q be a function defined as follows:
zerolabels(r) = { (last(v'),q") : (v/,q’) € p(r'), v’ € zclos(r) }

Lemma 4.4. For any node r in N, with p(r) = (q,V), the set zeroLabels(r)

satisfies do(q, T(v)).

Proof. We will proceed by induction on the value of depth(q). If depth(q) =
1, the formula §(q, t(v)) cannot contain any atom whose first component is
zero, and therefore d¢(q, t(v)) = 6(q, T(v)). The set zeroClos(r) will contain all
the child nodes of r, whose labels satisfy by definition §(q, t(v)) and, therefore,

also d9(q, T(V)).

If depth(q) = n, the formula 5(q, T(v)) can contain atoms whose first compo-
nent is zero and whose second component is a state q’, with depth(q’) < n.
Let L ={(i1,91),-.., (im, qm) } be a set that satisfies 5(q, t(v)), such that for

everyj € [1, m] there exists a child node 1/ of r having p()) = (v - ij,q;); Ris
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a run tree, therefore this set is guaranteed to exist.

For every j such that i; = 0, we know that depth(q;) < n: as a consequence,
by inductive hypothesis, the set zeroLabels(17) satisfies 5y(q;, T(v)). Clearly, if
L satisfies 5(q, T(v)) then the set (L\ { (0, qj) }) U zeroLabels(r7) satisfies the
formula 8(q,t(v))[(0, q;) / 80(qj,T(v))]. By repeating this substitution pro-
cess for every atom of the form (0, q5), we can infer that the set zeroLabels(r)

satisfies the formula 5(q, T(v))oq,c = do(q, T(V)). O
Theorem 4.5. Given a zero-layered alternating looping automaton, there exists

a zero-free alternating looping automaton that accepts the same language.

Proof. Consider a zero-layered ALT A, = (X, Q, qo,k, 8) and the resulting
zero-free ALT A, = (X, Q, qo, k, 8p); let T = (N1, 1) be a Z-labeled k-tree. We

will show that A, accepts T iff A, accepts T.

(= direction) Let R = (Ng,p) be a run tree for A, over T; we can obtain a
run tree R® = (N$, p%) for A, over T by starting from R and collapsing all the
zero-transitions according to the following procedure:

1. LetzeroClos, zeroLabels be the functions defined in the proof of Lemma 4.4;

2. Let Ng ={e}

3. Let v be a mapping from N% to Ng, and let v(e) = ¢;

4. For every r € N% where p(r) is not yet defined:

e Let p%(r) = p(v());
« For each (ij, qj) € zeroLabels(v(r)), add a node r - j to N% and let

v(r-j) be anode r’ from zeroClos(v(r)) such that p(r’) is equal to
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(v-1ij, qj) (one such node is guaranteed to exist by the definition of

zerolLabels);

5. Repeat the previous step until a fixpoint is reached.

It is possible to check that, by virtue of Lemma 4.4, every “collapsed” run step
in RY satisfies 8¢; also, by construction, p%(&) = (¢, qo). Therefore, R” is a valid

run tree for A, over T.

(<= direction) Let R® = (N%, p°) be a run tree for A, over T; we can obtain

arun tree R = (Ng, p) for A, over T as follows:
1. Define the function childLabels : N% — [1: k] x Q as follows:

childLabels(r”) = { (i,q") : p°(1%) = (v,q) A3j. p°(+" -§) = (v-i,q") }

2. LetNg ={¢}
3. Let u be a mapping from Ng to Q x N%, and let pu(e) = (qo, €);
4. For every r € Ng where p(r) is not yet defined:

o Let (q,1%) = p(r); let (v%, q%) = p°(+*);

o Letp(r) = (v, q);

« Let T = childLabels(1?), and let Q*(T") be the set that satisfies the
conditions specified in Lemma 4.3;

« For eachnode 1°-j € N%, with p?(v?.j) = (v?, q?), add anoder-j
to Ng and let u(r-j) = (q?,ro 3

o For each state ¢ € Q™ ('), add a (fresh) node r - h to Ny and let

u(r-h) =(q*,);
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5. Repeat the previous step until a fixpoint is reached.

It is possible to check that, by virtue of Lemma 4.3 every run step in the “ex-
panded” run R satisfies §; also, by construction, p(e) = (¢, qo). Therefore, R is

a valid run tree for A, over T. O

4.3 Reducing ALT emptiness to NLT emptiness

Let A, = (%, Q, qo, k, 8o) be a zero-free alternating automaton on X-labeled

k-trees. Let group : 2(1:KIxQ) 5 (2Q)k be a function defined as follows:
group(l") ={ (i, collect(T",1)) : i€ [1:k]}
where collect : 2([1:KIxQ) 5 1 : k] — (2Q) is a function defined as follows:
collect(l',i) ={qe Q : (i,q) €T}
For instance, supposing that k = 3:

group({(l, q(l)v (]-a qb)v (3’ qc)}) = {(1’{qaa qb})7 (2,(2))’ (37{qc})}

Let &, : 292 x £ — PBF([1: k] x Q) be a function defined as follows:

dn(0,c) = true

Sn(w, c) = \ A (i, w))

B ‘:/\unJ d0(q,c) (j,w{)egroup(r,-)
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It is easy to verify that the automaton A, = (£,2%,{qo }, k, 8n) is a nondeter-

ministic looping automaton. We claim the two following lemmas:

Lemma 4.6. Given a zero-free ALT A, = (L, Q, qo, k, d), let Ay, be the automa-
ton built according to the procedure described above. For any symbol ¢ and any
set of states w € 22, asetT C [1: k] x Q models the formula Nqew d0(q;¢) iff

the set group(I") models the formula 6,(w, c).

Proof. If w = 0, by convention A ¢, d0(q,c) = true; also, by definition,
dn(w,c) = true, and therefore the lemma trivially holds. We will therefore

consider the case where w # ().

If group(T") is a model of ,(w, c), it must satisfy one of the disjuncts in its
definition; this means that there exists a set ' such that I'’ |= /\qu do(q,c)
and group(I"’) C group(l'). As a consequence, since /\qu d0(q,c) does not

contain any negated atom by definition, I' = /\ 4, d0(d, ¢).

IfT = /\qu d0(q, c), there exists a disjunct in 5, (w, c) which has the form

A (1, wi)

(i,wi)€group(T)

The set group(I") obviously satisfies this disjunct, and therefore it also satisfies

dn(w,c). ]

Lemma 4.7. A NLT accepts a tree T = (N, 7) iff there exists a run tree R =
(Nk, p’) such that:

1. Ng € Np;

2. for every nodev € Ny, the first component of p’(v) is v.
Y p
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Proof. By definition, for any state-symbol pair (w, c) the formula 6, (w, ¢) can
be satisfied by sets of the form { (1, wi), ..., (kwy) } A minimal run tree will

therefore have a branching degree of at most k.

Moreover, any node in T will be visited at most once: the automaton moves
strictly forward, and every formula arising from its transition function can be

satisfied by a set which does not contain atoms with repeated indexes.

As a consequence, given an arbitrary run tree, it is possible to create a new run

tree that satisfies the conditions above by just rearranging nodes. O

We claim the following theorem:

Theorem 4.8. Given a zero-free alternating looping automaton, there exists a

nondeterministic looping automaton that accepts the same language.

Proof. We will show that a zero-free ALT A, = (X, Q, qo, k, 8) accepts a tree

iff the nondeterministic automaton A, = (£,29,{qo}, k, 8,) also accepts it.

(= direction) LetT = (Nt,7) be a Z-labeled k-tree, and R = (Ng,p) bea
run tree for A, over T; we can construct a run tree R’ = (N, p’) for A, as

follows:

p'v)=(v, {qeQ : Ir.p(r) =(v,q)})

Without loss of generality, we will suppose that R is a minimal run tree (as
defined in Subsection 2.2.1). It can be easily shown that, if R is a minimal run
tree of a zero-free alternating automaton, the depth of a node in the run tree
is equal to the length of the first component of its label: we will do so with an

inductive argument. The empty string is the only string having length 0, and

58



4.3 Automata Decision Procedures: Reducing ALT emptiness to NLT emptiness

p(e) = (e, qo): therefore, the statement clearly holds for |r| = 0. For every node
T € Ng, with [r| = n, let p(r) = (v, q); by inductive hypothesis, [v| = |r|. Since
the transition function does not contain any atom whose first component is
—1 or 0, the formula 8y (q, T(v)) can be satisfied by labeling each child node r-j
with a pair whose first component is a word of the form v-i: clearly [r-j| = [v-il,

and therefore the statement holds.

As a consequence of the previous statement, the root of R’ will be labeled with
the pair (e, { qo }), satisfying therefore the first condition in the definition of a

run tree.

In order to verify the second condition, fix an arbitrary node v € T with
p’(v) = (v, w); we have to prove that the formula 8,(w, T(v)) is satisfied by

the set T'" = labg/(w), the labeling according to p’ of the child nodes of w.

For every state q € w, there exists by construction anoder, 4 € N such that
p(Tv,q) = (v, q). Without loss of generality, we will suppose that, for every
noder; , in R labeled with (v, q), labg(r}, ;) = labgr (v q) (i-e., its child nodes

have the same labeling as the child nodes of 1, 4). Let Iy = labg(ry ), and

Since R is a valid run tree for A; over T, we know that each set 'y satisfies
do(q, T(v)); since 8o(q, T(v)) is a positive boolean formula (and therefore does

not contain any negated atom), we can infer that ' = /\qew do(q, (V)

Let (i, q) be an index-state pair, and let w; be the set of states such that (i, w;) €
I'’: we will show that q € w; iff (i,q) € T and, as a consequence, '’ =

group(T).

By construction, there exists a node r € Ny such that (i,q) € labg(r). Re-
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member that, by construction, the following condition holds:

p'v-i)=(v-i, {q'€Q: Irp(r)=(v-iq})

Since q satisfies the conditions it is clearly included in the second component
of p’(v - 1), and therefore it appears in w;. Similarly, if (i, q) does not belong
to I' then q does not satisfy the condition 3. p(r) = (v -1, q’), and therefore

does not appear in w;.

Since I'" = group(l'), by Lemma 4.6 we can infer that ' = dp(w, T(v)). As
a consequence, R’ also satisfies the second condition in the definition of run

tree.

(< direction) LetT = (N7, 7) be a tree, and let R” = (N, p’) be a run tree

for A, over T.

According to Lemma 4.7 we will suppose without loss of generality that N, C
N+t and that, for each word v € T, the first component of p’(v) is v. Let R =

(Ng, p) be a tree built as follows:

o Let e € Ny, with p(e) = (¢, qo).

o For each r € Ny, with p(r) = (v, q), let I, be a set defined as follows:

n={@lq):p'v-i)=Wv-iw)q ecw}

Let (i1,q1),..., (in, qn) be an ordering of the elements of I',: for each

jell:nlletr-jeNgandp(r-j) = (v-ij,qj).

Since p(e) = (e, qo), R clearly satisfies the first condition in the definition of

run tree. In order to verify the second condition, fix an arbitrary node r € Ny
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with p(r) = (v, q);let p’(v) = (v, w). The set I, described above is constructed
such that group(T,) models 5, (w, T(v)); by the previous Lemma 4.6, it follows
that I, models 8o(q’,T(v)) for each q’ € w. By construction q € w, and
therefore I, = 8¢(q, T(v)): as a consequence, the set R = (Ng, p) built as

described above is a run tree for A, over T. O

4.4 Reducing 2-ALT emptiness to ALT emptiness

The toolchain we have developed thus far allows us to check the emptiness
of a zero-layered alternating looping automaton. In order to handle the same
reasoning problems over TBoxes and concepts whose definitions make use of
inverse roles, though, we need to extend our techniques to handle two-way

alternating automata.

Let Ay = (Z,Q, qo, k, 8) be a two-way alternating automaton over X-labeled
k-trees: we will build a (one-way) alternating automaton that recognizes an
annotated version of the language accepted by A, and use the annotation to

eliminate the need for upwards transitions.

Intuitively, a run of the new automaton over a given input tree is composed of

two threads of execution:

o The first thread runs a modified version of A,, which checks the pres-
ence of a state q in the annotation of the current node instead of per-

forming a (—1, q) transition.

« The second thread checks that the annotation is consistent: whenever
a child of the current node is annotated with a state g, the automaton

admits a partial run starting from the current node in the state q.
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Let £’ = £ x 29 be the new labeling alphabet used by the new automaton,

and let Q' be a set defined as follows:

Q' ={d¢dq=} U{(upq) : q€Q}

Let &’ be a function from Q x L’ to the set PBF([1, k] x Q) defined as follows:

6/(q(l)7 (C7Z)) = (07 th) A (07 qO)

8(qm, (c,2)) = A (LadA A | A\ (@) V(0,9

iell,k] qeQ \ielL,k]
true ifq¢z

§'((upq), (c,z) =
false otherwise

6/(q7(c72)) :6(qvc)o-l foreaChq € Q
where, for each z € 2R, the substitution o, is defined as follows:

o, ={((-1,q'),true) : ¢’ €z} U

U{((-1,q"),false) : ¢’ €Q\z}

The substitution o, is used to get rid of —1 transitions by “trusting” the an-
notation: every transition of the form (—1, q’) with q’ € z is considered to be
satisfied; vice versa, any transition of the form (—1, q’) with q’ ¢ z is assumed

to fail.

The automaton A, = (X’,Q’, q},d’,k) is clearly a one-way alternating au-

tomaton. We claim the following result.

Theorem 4.9. The automaton A, accepts an input tree T = (N, 1) iff there

exists an annotation { : N1 — 2Q such that the automaton Ay accepts the tree
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T' = (Nt,t'), with t/(v) = (t(v), {(Vv)) for every node v € Nr.

Proof. (= direction) Given a tree T and a minimal run R = (Ng, p) for A,
over T, we will build an annotation ¢ and a run R’ = (N, p’) for A4 over

T’ = (N1,7t'), with t/(v) = (t(v), {(v)) for every v € Nr.

A node r € Ny, is an inversion point for R iff, for some v, 1, q, q’, p(r) = (v, q)
and p(init(r)) = (v-1i, q’). Intuitively, an inversion point is the first node after

an “upwards” transition of the form (—1, q).

We will say that a node r is reachable without inversions from a node r’ iff
there exists a path from r’ to r that does not include inversion points except,

eventually, for r. Formally, r is reachable without inversions from v’ iff r =

r’c1...cn and, for all i € [1,n — 1], the node r'cy ... c; is not an inversion

point.
Givenanoder € Ng, we define the tree invReach(R, 1) = (N, p,, ) as follows:
N, is the set of all words r’ such that the node r - r is reachable without
inversions from ;
o if r- 1’ is not an inversion point for R, then p, (') = p(r - 1’);

o if r- v/ is an inversion point for R, with p(init(r - r’)) = (v-j,q’) and

p(r-7") = (v,q), then py (+') = (v, (up q)).

Tofx _ Tpfx

Moreover, let invReachpsy (R, T, Tpfc) be a pair (N, 7™, p ™) defined as follows:

Ngix = {Tpfx-Tl 1’ e NTJ,}

f;
p%x(rpfx : TJ) = pri(T/)
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where (N, p;;) = invReach(R, 7).

Intuitively, the tree IRR = invReach(R, T) contains an “image” of all the nodes
of R that are reachable without inversion from r. Namely, for each node r’ of
IRR, the node r - 1/ is reachable without inversion from r in R and the labeling

of v/ in IRR is equal to the labeling of v - v/ in R.

The value of invReachp (R, 1, Tp) is a version of invReach(R, r) where each
node is prefixed with rpg: note that this structure is not a tree, since its “root”

node is Tpg.

Let ¢ be the function defined as follows:

C(V):{qu : Elrai7q/' p(inlt(T)):(Vl,q/), p(T):(V,Q)}
Intuitively, {(v) contains all the states q such that, somewhere in the run R,
there exists an inversion point labeled with the pair (v, q).

Let R’ = (N, p’) be the tree defined as follows:

 The empty word ¢ belongs to N, with p’(¢) = (e, qf)).

o Let (N}, p;,) = invReachy (R, ¢, 1); for every node r’ € N{ |, 1’ € Ng

and p(r) = p, (1').
o Everynode{2-v : v € Ny} belongs to N, with p’(2-v) = (v, qx).

o For every node v € Nt and every state ¢ € Q, one of the following

conditions holds:

- If q ¢ ¢(v), then N contains k nodes 2 - v -1i;,...,2-v -1 whose
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labeling is defined as follows:
p'(2-v-ij) = (v-j,(Upq))

- If q € ¢(v), there exists (by construction of () a node ¥ € Ng with
p(f) = (v, q). In this case, there exists an index h such that the

following conditions hold:

(N,p) = invReachy¢, (R, 7,2-v - h)
N C Nj

p'(r') = p(r") for every v’ € N

We now need to prove that R’ is a run tree for A; over T. The labeling of the
root node is obviously in accordance to the definition of run tree, and therefore

the first condition is trivially satisfied.

In order to check the second condition we fix an arbitrary node r € N, with
p'(r) = (v, q), and check that the labeling of the child nodes laby (1) satisfies

d'(q,t’(v)). We distinguish five cases:

e« q = qy This state only occurs at the root of the run, with v = e.
The node 1, by construction, has the same labeling as the root node of
invReach(R, ¢). By definition, the root of invReach(R, ¢) is ¢, whose la-
beling is (¢, qo). The node 2 is always labeled with (¢, q,). The labeling

of the child nodes therefore satisfies the transition condition.

o qisastate of the form (upq’) By construction, this only occurs when

q’ ¢ (v); therefore, 8’ ((upq’),t/(v)) = true.

¢ q€Q Letog(,, be the substitution defined in the construction of 5’.
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By construction, there exists a node ¥ € N such that p(¥) = (v, q) and,
for every atom y € labg(¥), the atom yo ¢, belongs to labg/(r). Since
labg (¥) = 8(q,T(v)), we can therefore infer that labg/(r) is a model of

the formula &'(q, ' (v)) = 8(q, T(v)) 0z ().

e q=qx Theformulad’(q,,T’(v))isthe conjunction ofa “propagation
section’, the subformula A;.; (i, =), and a “verification section’, the
subformulas of the form A\;c(; (i, (upq)’) VV (0, q’) for every q’ € Q.
By construction, for every i € [1 : k] there exists a child node of r la-
beled with (v - i, q); the propagation section is therefore satisfied. For
every subformula ;. nx (i (upq) 'YV (0, q’) belonging to the verifica-

tion section, we can distinguish two cases:

- Forsomei € [1: k], q’ € ¢(v-i). In this case, by construction, there
exists a node r - h labeled with the pair (v, q’): the second disjunct

is therefore satisfied.

- Foreveryie [1:kl,q" ¢ ¢(v-1). In this case, by construction, there
exist k nodes r-ji,...,r-ji such that p’(r-j;) = (v-1i, (upq)’); as

a consequence, the first disjunct is satisfied.

Since both the propagation section and all the subformulas in the verifi-
cation section are satisfied by the labeling of the child nodes, the formula

8'(qn, T/(v)) is therefore satisfied as well.

(< direction) Givenatree T’ = (Ny,t’), with t/(v) = (t(v), ¢(v)) for every
v e Nt,andarun R’ = (Ng, p’) for Aj over T = (N, 1), we will build a run

R = (Ng, p) for A, over T.

Without loss of generality, suppose that R” is minimal; moreover, suppose that

p’(1) = (e,qo) and p’(2) = (¢, qx). Let R be a tree and p be a mapping from
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N to N defined as follows:

 The empty word ¢ belongs to N, with p(e) = (¢, qo) and p(e) = 1.

« For every node r € N, for every node r{ of the form p(r) - i in Ng, let

(vi, qi) = p’(r{). The node r-i belongs to Ng. We distinguish two cases:

- If q; is a state from Q, then pu(r-1) =7v'-1.
- If q; is a state of the form (up q’), u(r - i) is a node of the form
2 -init(vy) - h, with p(p(r - 1)) = (init(vy), q); its existence is guar-

anteed by the definition of A;.

o For every node r € Ng, p(r) = p/(p(r)).

The tree R trivially satisfies the first condition in the definition of run tree. It is
easy to check that it also satisfies the second condition: for an arbitrary node
T € Ng with p(r) = (v, q), every atom of the form (0, (up q’)) in labg/ (p(r)) is
substituted in lab (1) by the atom (—1, q”), “mirroring” the substitution o ).
Since labg/(u(1)) satisfies 8(q, T(v)) o (y), it is clearly the case that labg (1) sat-
isfies 6(q, T(v)). O

It is easy to check that, if the original 2-ALT is zero-layered, the resulting ALT

will preserve this property for two reasons:

« This construction does not introduce any new zero-transition on already

existing states;

 Any ordering for the states in the 2-ALT can be extended to the addi-
tional states q(, and q, by letting depth(q}) = |Q| + 2, depth(qx) =
|Q| + 1 (where |Q| is the number of states of the 2-ALT).
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4.5 Complexity Considerations

In this section, we will analyze the worst-case complexity behaviour of the
proposed algorithms. The results show that our techniques match the known

tight bounds for all the problems at hand.

In this section we will use the notation |8| to refer to the maximum size of the
formulas in the transition function of a given automaton. Formally, given an

automaton A = (X, Q, qo, k, 8), we define [3] as follows:

0] = max(q,c)eQxZ|6(qa c)|

4.5.1 Emptiness of a NLT

Consider a NLT A, = (X, Q, wo, k, 8,). We recall the definition of the func-

tion step given in Section 4.1:
step(Q)={we Q' : 3@’ € (Q")*,c € L. makeSet(&’) | n(w,c) }

where makeSet((w{,...,w)) = { (1, wq),..., (k,w}) }. We will show that
Qgx = step'@!/(Q) can be computed in polynomial time with respect to the

size of Q, ¥ and 6.

Theorem 4.10. Given a nondeterministic looping tree automaton
An = (Z,Q, wo, k, dn), it is possible to check the emptiness of L(An) in a num-

ber of steps polynomial in |Q|, |Z| and |5yl

Proof. By Theorem 4.1, £(A,) is empty ift wo ¢ step/(Q).
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Algorithm 4.2 Emptiness Checking for NLT Automata

function InStep(A,, w, Q)
let (X, Q, wg, k, d,) := Ap
for each @’ in (Q’)¥ do

for each c in X do
if makeSet(®’) & 6(w, ¢) then
return true
end if
end for
end for
return false
end function

function IsEmpty(A,)
let (X, Q, wg, k, dn) = An
let Q' :=Q
fori:=1to|Q|do
let Q' :={weQ’ : InStep(An,q,Q")}
end for
return wy € Q'
end function

Let us consider the problem of checking whether, given a set Q' C Q and a

state w € Q/, w € step(Q’). A possible way to solve this problem is shown

in the function InStep of Algorithm 4.2. The procedure simply enumerates all

the possible vectors @’ € (Q’)¥, and checks whether makeSet(@’) satisfies

dn(w, c) for some symbol ¢ € Z. The number of vectors in the enumeration

is clearly bounded by |Q[*. For each vector @’, the algorithm must compute

makeSet() (which obviously takes k steps) and check that it satisfies one of

I different formulas. Each check can clearly be performed in polynomial time

with regards to [5p].

It is therefore easy to verify that, for a set Q' C Q, computing step(Q’) only
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takes at most |Q)| invocations of the InStep procedure, which is polynomial in
|Q), || and [85|. Computing step'/(Q) will therefore involve O(|Q[?) execu-
tions of the InStep procedure: the IsEmpty procedure will still be polynomial

in |QJ, and its complexity in |Z| and |35| is unchanged. O

4.5.2 Emptiness of a Zero-Layered ALT

We claim the following result:

Theorem 4.11. Given a zero-layered alternating looping tree automaton A, =
(Z,Q, qo, k, 8), it is possible to check the emptiness of L(Aa) in a number of steps

exponential in |Q| and polynomial in |Z| and |3|.

Proof. By successively applying the constructions described in Section 4.2 and
Section 4.3, starting from a zero-layered ALT A, = (Z,Q, qo,k, ) we can
obtaina ZLT A; = (£, Q, qo, k,89) and a NLT A, = (£,29,{qo},k, 8n) such
that they all recognize the same language (i.e., £(Aa) = L(Az) = £L(An)). The
theorem follows by simply applying the complexity results obtained for NLT

emptiness checking to A,.

The set of states of the NLT automaton A, equivalent to A, is exponentially
bigger than the set of states of A,, hence the exponential blowup. The unfortu-
nate explosion is unavoidable: emptiness checking for ALT automata has been

shown to be EXPTIME-complete in the number of states. O

Note that the zero elimination construction can potentially determine a huge
increase in the size of the transition function. For instance, consider the case
of the automaton Ay = ({c},{q’,q1,---,qn},dn,2,0x) with dx(q’,c) =
(1,q1) A (2,q1)s 8x(qu,¢) = (q",¢) A (q,¢) and dx(qi,¢) = (0,qi—1) A
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Algorithm 4.3 Determining whether a set I' models §¢(q, c).

function ModelsDeltaZero(A,,T)
let (Z,Q, qo, k,d) := Ap
letT’:=T
for i:=1todepth(q) —1do
let q; := depth (i)
if I'" = 6(qi, c) then
letT":=T" U {(0,qi)}
end if
end for
return ' = 5(q, ¢)
end function

(0,qi_1) for everyi € [2,n]. It is easy to verify that 8| = O(2™)|5«]; since any
satisfaction checking algorithm must (at least) scan the formula, this would

result an exponential slowdown.

While this explosion does not alter the asymptotic complexity of emptiness
checking with regards to |Q| and [3] (it only comes up as a multiplicative fac-
tor), it is nevertheless possible to avoid it by deferring the calculation of 3, as

shown in Algorithm 4.3.

By using this simple procedure, the complexity of checking whether a given
set models dy(q, c) for some state-symbol pair (q,c) € Q x X is polynomial
in both |5 and |Q], since the algorithm only has to check if ' models (at most)

|Q| formulas of size (at most) |9|.

4.5.3 Emptiness of a Zero-Layered 2-ALT

We claim the following result:
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Theorem 4.12. Given a zero-layered two-way alternating looping tree automa-
ton Ay = (X,Q,qo,Kk,d), it is possible to check the emptiness of L(A3) in a

number of steps exponential in |Q| and polynomial in |Z| and |5|.

Proof. By applying the procedure described in Section 4.4, it is possible to ob-
tain an automaton Ay = (X, Q’, q(,, k, &) such that £(A4) is empty iff £L(A;)
is empty. It is straightforward to verify that the size of Q is linear in the size
of Q; |6’| and |8] are equal up to a constant factor; |X’| is linear in |X|, and ex-

ponential in |Q|.

By combining these observations with the previous results, we can infer that
this construction does not affect the asymptotic complexity of the algorithm:
the alphabet size only figures as a multiplicative coefficient, and therefore the
2/Ql expression does not determine a further exponential blowup in the overall

complexity measure with respect to [Q|. [l
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Chapter 5

A Practical Decision Procedure

The algorithms described in Chapter 4 have a major drawback: they all require
the NLT to be fully constructed beforehand. This would lead to quick exhaus-
tion of the available memory: in order to decide any property of a small TBox
containing 30 axioms, we would need to construct, store and inspect a NLT

which potentially has 2%° states — a billion billions!

As we have seen, the exponential blowup is unavoidable: deciding whether an
ALC TBox is satisfiable or whether an ALC concept is consistent in a TBox
is EXPTIME-hard. What we can do, though, is devise a way to reduce the por-
tion of the state space we actually inspect in order to obtain an answer. The
algorithms we can derive will still have their “weak spots” (corner cases where
exponential behaviour is observable), but experience has shown that it is in-

deed possible to formulate practical decision procedures for DL problems.
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5.1 The Decision Procedure

We will start our search for a practical decision procedure with an observation:
we only need to find a set of states that make it possible to build a run which
starts from the initial state. It is possible — probable, indeed — that the wide
majority of the elements in 22 (which we will call multistates from now on)

will not be touched by the “core problem”.

We will therefore formulate an iterative procedure, that operates on subsets
of |29 containing so-called active and dead multistates. The main idea can be

described as follows:

o The set Dead contains multistates that are provably not in step|2Q| (2Q);

+ At each step, we will move from Act to Dead those multistates that can-

not be satisfied without using multistates which are already in Dead;

« Next, we will add enough multistates to Act such that every state in (the

previous value of) Act is satisfied by sets that only contain states in Act.
Formally, we will procede as follows.

1. Leti =0, Acty = {{qo} }, and Dead, = 0.

2. Let Succ; be a function that associates to each multistate w € Act; a

value defined as follows:

e If i > 0 and Succ;_;(w) does not contain elements from Dead;,

the vector Succ;_1(w);
« Otherwise, a vector ij € (29 \ Dead;)* such that makeSet({j) mod-
els \/.cs dn(w,c);
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« If no such vector exists, the special symbol unsat.

3. Let Dy ={w € Act; : Succi(w) = unsat}.

4. Let A; = { w’ : w’is a component of Succ; (w), w € Act; \ Dy }

5. Let Dead;,; = Dead; U D;.

6. Let Acty | — (Acti \ f)i) U AL

7. If Acti1 # Acty, increase i and go to step 2.

8. Return true if { qo } € Act;, false otherwise.
First of all, we need to show that the procedure terminates in a finite number
of steps. We claim the following result:

Lemma 5.1. The procedure terminates after at most 2!Q1+1 iterations.
Proof. At every step i, one of the following conditions must hold:

o Act;; contains a multistate that did not appear in Act; U Dead;;
o A state from Act; is moved to Dead; , ;
o Act;; = Act;, and therefore the procedure terminates.
There are 29| multistates: in the worst case, they get added to the active set

one at a time, and successively moved to the dead set one at a time. It follows

that the procedure must terminate after at most 2 - |29 steps. ]

The size of Q is linear in the size of T and C; moreover, each step in the proce-

dure only has to deal with objects whose size is bounded by (2/Q!)*. Therefore,

75



5.1 A Practical Decision Procedure: The Decision Procedure

the procedure matches the EXPTIME complexity bound for deciding concept

satisfiability in an arbitrary ALCT TBox!.

Remember the definition of step:
step(Q) ={we Q' : 3@’ € (Q")*,c € L. makeSet(®’) k= n(w,c) }
Let Qg = step2?/(2Q); by Theorem 4.1, we know that the language recog-

nized by A, is non-empty ift { qo }, the initial state of A, is in Qgy.

In the next two lemmas we will show how the sets created by the decision

procedure are connected to the step function and to Qgy.

Lemma5.2. Atevery step iof the decision procedure, Act; N Acti 1 C step(Actiq).
Proof. The following equality holds by definition:
step(Acti1) = { w € Acti1 @ I®’ € (Acti1)5,c € Z. makeSet(d’) = Sn(w,c) }

For every w € Act, there exists a k-vector @’ containing elements from
Act;; iff Succi(w) # unsat. The set Act; N Acti;; includes, by definition,

all the multistates in Act; for which Succ; (w) # unsat. ]
Lemma 5.3. At every step i of the decision procedure, Dead; C 2Q \ Qgy.
Proof. We will prove this lemma by induction. Since Dead; = (), the base

case trivially holds. For the inductive step we need to prove that, if Dead; C

2Q\ Qfy, then also Dead; ; C 2R\ Q4.

1 The EXPTIME bound holds for AL (a sublanguage of AL €") and for ALCTF (of which
AL is a sublanguage).
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By definition, Dead; , | = Dead; U D;. By inductive hypothesis we know that
Dead; C 29\ Qg,: we only need to show that Di C 29\ Qg

The set D; is defined as follows:
D; ={w € Act; : Succi(w) = unsat}

Fix a multistate w € D;. We know that Succ; (w) = unsat iff, for every symbol
¢ € X and every vector @’, if makeSet(@’) = dn(w,c) then @’ contains

elements from Dead;.

By definition, step(Qfx) = Qsx. Since every element from Dead; is not in Qgy,

it follows that w ¢ step(Qgy).

Therefore, every element in D; isin 29 \ Qgy. O

These two results lead us to the following final theorem:
Theorem 5.4. The language recognized by A, is non-empty iff the procedure

above returns true.

Proof. By Lemma 5.1, the procedure terminates after a finite number of steps.
Suppose the procedure terminates after 1 steps. By Lemma 5.2, the following
condition holds:

Act; N Act; . C step(Act; )

The procedure terminates after 1 steps iff Act; = Act; ;. The condition can

therefore be rewritten as follows:

Act; C step(Act;)
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By definition, step(Act;) C Act;; as a consequence,
Act; = step(Act;) = step/2®!(Act;)

Since step is a monotone increasing function and Act; C 2Q it follows that

step/2°(Act;) C Qg and, therefore, Act; C Qgy.

As we know from the previous section, the language recognized by A, is non-
empty iff the initial state { qo } is in Qgy. Since { qo } € Acty (by definition), we

know that at the i-th step one of the two following conditions holds:

e {qo} € Act; We have shown that Act; C Qgy, and therefore {qo } €
Qfx. It immediately follows that the language accepted by A, is non-

empty, and the procedure correctly returns true.

e {qo} ¢ Act; By construction, { qo } € Acty. It is easy to see that, once
a multistate is in Acty, it remains in Act; U Dead; for every i > 0: as a
consequence, { qo } € Dead;. By Lemma 5.3, Dead; C 2Q\ Qfy. It im-
mediately follows that { qo } ¢ Qgy, and therefore the language accepted

by A, is empty. Again, the procedure is correct in returning false.

As a result, the language recognized by A, is non-empty iff the procedure

above returns true. ]

Note that, once a multistate is in Dead; for some i, it cannot appear in Act; for
any j > i. Suppose that, after the™th iteration, the multistate { q } is in Dead:
the procedure does not need to continue until a fixpoint is reached, as we are

sure that { qo } ¢ Act; for every i >~
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We can therefore improve the algorithm to introduce an early termination
condition: the procedure can immediately return false as soon as { qo } is found

to be in Dead;.

5.2 Another View on the Transition Function

At each iteration of the decision procedure, computing Succ; requires a po-
tentially huge number of operations on formulas of the form \/ .5 dn(w, c).
In this section we will introduce a different formulation of the transition func-
tion which will make it easier to compute Succ; by delegating most of the work

to a SAT solver.

Fix an ALC TBox T, an ALC concept C defined over a signature (C,R), and
a set of functional roles Ry C R. Let Cq be the internalized version of T, as

defined in Section 2.3.3:

Cy = nnf |_| —-CuD
CCDeT

Consider the automaton Aut¢ (T, R¢,C) = (Z,Q, qo, k, 8), as defined in Sec-
tion 3.3. We start by noticing that, for “non-atomic” concepts (existentials,
universals, unions and disjunctions), the value of the transition does not de-
pend upon the current symbol. For atomic and negated atomic concepts, the
value of the transition depends upon the presence (resp. absence) of an atomic

concept in the current symbol, rather than on the “whole” symbol.

Let SPBF([1 : k] x Q, €) be the language of the “semi-positive” propositional
formulas built over the symbols from £ U [1 : k] x Q, where only atoms from

C are allowed to appear under the scope of a negation operator. We will use
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these formulas to model the transition function in a more succinct form, by

removing the redundancies described above.

Let A: Q — SPBF([1: k] x Q, C) be a function defined as follows:

A(qo) = Alqwox) A A(C)

Aldtwox) =ACTI A /\ (L, dtbox) V (1, de)
ie([1:k]

A(qne) = false

A(T) = true

A(L) = false

A(A) =A
A(-A) =—A

A(CTIC') = A(C) AA(C)
A(CUC') =A(C)V A(C)
A(3P.C) = (idx¢(3P.C), C)
AVP.C)= A (i,qne) V(i,C)
iecall¢ (P)

Let A: 29 — SPBF([1: k] x Q, @) be a function defined as follows:

A({ gne }) = true

Alw)= A Alq)

qew
where w % { qne }-

Let Ap = (Z£,29,{q0},k, 8,) be the NLT derived from Aut(T, R, C) by ap-

plying the zero-elimination procedure of Section 4.2 and the subset construc-
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tion of Section 4.3.

For every symbol c € 2°, let £(c) be the substitution that maps every symbol
A € cto true and every other symbol in 2¢ \ ¢ to false. We claim the following

result.

Theorem 5.5. Let &y be the zero-closure of & as defined in Section 4.2. For any

state q € Q and any symbol c € 2°, the following equality holds:
do(g,c) = A(q)&(c)

Proof. We will show that the equivalence holds for all the states from sub( C)u

sub(Cq) by structural induction. We distinguish these base cases:

o C = A, where A is an atomic concept.  The formula §y(A, c) is true iff
A € ¢, and is false otherwise. By definition, A(C) = A.If A € c then, by
definition, A(A)&(c) = true; if A € c then A(A)E(c) = false.

o C =—A, where A is an atomic concept. = The formula 5y(A, c) is true
ift A ¢ c, and is false otherwise. By definition, A(C) = —A. If A € ¢
then, by definition, A(A)&(c) = false; if A ¢ ¢ then A(A)&(c) = true.

e« C=T,C=_1. Theresult trivially holds.
The inductive step can be shown to hold as follows:

« C=DrD’. Bydefinition, §(DrD’, c)isequal to dy(D, c)\&o(D’, c).
By inductive hypothesis, 5y(D, ¢c) = A(D)&(c) and §o(D’, c) = A(D')&(c).

The following chain of equalities holds:

8o(DM D’ c) =A(D)&(c) AA(DE(c)
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= (A(D) AA(D'))&(c)

=A(DND"&(c)

« C=DUD’. Bydefinition, §o(DUD’,c)isequal to dy(D,c)V&y(D’,c).
By inductive hypothesis, 5o(D, ¢c) = A(D)&(c) and §o(D’, ¢) = A(D')&(c).

The following chain of equalities holds:

S(DUD’,c) =A(D)E(c) V A(D)E(c)
= (A(D) V A(D'))&(c)

= A(DUD')E(c)

e C =3JR.D,C = VR.D. In these cases the value of 6y(C, c) does not

depend on c and, by definition, is always equal to A(C).
The equivalence clearly holds also for qo, qtbox and gne- O

By Lemma 4.6 we know that, for any set of states w € 2% and any symbol
¢ € I, there exists a correspondence between the models of A qew do(q,c)

and the models of d,(w,c). In particular, a set I' models /\qew do(q,c) iff

the set group(I") models 5,(w, c), where group is a bijection from 2[::k/xQ

to 2[1:k1%x29 defined as follows:

group(l') ={ (i, collect(I",1)) : i€ [1:k]}

collect(l',i) ={qeQ : (i,q) €T}

This allows us to claim the following immediate result:
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Lemma 5.6. For any set of states w € 29 and any symbol ¢ € 2%, a set
I C[1:k] x 29 models 5n(w, c) iff the set T = group—'(T"’) models the for-

mula A(w)&(c).

This lemma, in turn, allows us to claim a further property of A whose signifi-

cance will be clear soon.

Theorem 5.7. For any set of states w € 29, aset T’ C [1: k] x 2R models the

formula \/ .c5 Sn(w, c) iff there exists a symbol ¢’ such that the set
e ={c"} U group (I
models the formula A(w).

Proof. First of all, we will prove the statement for w = { qne }. In this case, the

formula 8, ({ gne }, ¢) is satisfied by ¢ = ope. Accordingly, A({ (ne }) = true.

From now on we shall only consider multistates different from { gne }. This
means that we are only interested in symbols in 2¢: by definition, the symbol

One can not satisfy any multistate different from { gpe }.

' models \/ .5 n(w, c) iff there exists a symbol ¢’ such that I'" = 5n(w, ¢’).
As we have seen, this symbol ¢/ must be a member of 2¢. By the previous

lemma, I |= 8n(w, ¢’) iff group 1 (") = A(w)&(c’).

The substitution &(c’) replaces the atom ¢’ with true, and all the other atoms
from X with false. It is clearly the case that a set X models a formula of the
form ¢&(c’) iff the set X U {c¢’} models ¢. It follows that T’ & §,(w,c’) iff
group (") U {c¢’} & A(w). O

In order to calculate Succ; (w), the reasoner can therefore procede as follows:
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1. Determine a model Y for A(w);

2. Let Oy ={w : dJie[l1:kl. i,w) €Y}

3. If Qy N Dead; = 0, then Succ;(w) =;

4. If A(w) does not have any other model, then Succ; (w) = unsat;

5. Otherwise, return to step 1.

The first step can be delegated to a SAT solver — a software tool that, given a
propositional formula, produces a satisfying assignment. While being worst-
case exponential (they have to solve a NP-complete problem on a determin-
istic machine), SAT solvers are able to efficiently handle formulas containing

thousands of variables.

Our formulas include a number of variables that is roughly linear in the size of
the inputs (TBox and concept), and is often much less than that. This means
that, by using SAT solvers to handle this part of the problem, we can take
advantage of decades of research and optimization and (hopefully) obtain a

good level of performance.

5.3 Further Optimizations

In this section we will describe some techniques that try to take advantage of
patterns arising from the general structure of automata corresponding to DL

problems.

First of all, we need to make sure that, after having checked a model Y, the
system does not have to check a model Y’ such that Y \ £ C Y’ \ X. We can

achieve this by adding to A(w) a conjunct of the form Vyeviz Y-
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The number of propositional letters appearing in A(w) depends linearly on the
number of concepts in the signature. Therefore, there are potentially O(2/¢!)
different sets Y/ such that Y\ £ = Y’ \ X. While potentially taxing on the SAT

solver, this optimization removes a huge bottleneck.

Moreover, we can attach a different annotation to atoms of the form (i, C), in
order to distinguish whether they are originated from an existential or from a

universal concept. We will rewrite the definition of A as follows:

A(3R.C) = (idxs(3R.C), C)3

AVRC)= A (i,Cl
icallf(R)
Whenever a model of A(w) contains an atom of the form (i, C)y and does
not contain any atom of the form (i, C’)3, we will simply drop the first atom
from the set. Intuitively, we force the SAT solver to pick the “cheaper” option
and assume that there is no i-th node, unless an existential concept is forcing
its existence. There is no need of adding (i, qne) to the model: the multistate

{ qne } is always known to be satisfiable (by the symbol ope).

Most SAT solvers have algorithms that operate on formulas in CNE In par-
ticular, the input is a set of clauses (i.e., a set of sets of atoms) of the form
{v1,...,Yn }. When given this input, the SAT solver will output a model for

the formula ;1. Agey, @

In general, the CNF expansion of a given formula can be exponentially bigger.
The alternate construction of A(VR.C) removes one source of the exponential
blowup: as a result, only disjunctive subconcepts result in a problematic sit-
uation. Clearly, the size of disjunctive subconcepts resulting from the inter-

nalization of a TBox is limited by the size of the inclusion assertions, which is
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usually much smaller than the number of assertions in the TBox.

Moreover, the structure of A makes it particularly easy to obtain a CNF ex-
pansion of A(w). For each q € w, let D(q) be a set of clauses (i.e., a set of sets

of atoms) such that the following equivalence holds:

Alg) = N\ (\/ a)

v€D(qi) \acy

It is easy to check that the following equivalence holds:

Aw = A\ A= A (q)(\/ )

qew qew,yeD acy

Therefore, we can compute the CNF expansion of A(w) as the union, for every

q € w, of the clauses in the CNF expansion of A(q).
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Chapter 6

The TreeHug Reasoner

In this chapter we will introduce TreeHug, a DL reasoner based upon the tech-
niques exposed in the previous chapters. To the best of our knowledge, this is

the first DL reasoner that implements an automata-based decision procedure.

We will then proceed by giving a quick overview of the major architectural
choices connected with the implementation, and wrap up the chapter with

some performance results on the current version of the code.

6.1 Architecture of the System

The TreeHug reasoner implements the decision procedure described in this

chapter, with some simple optimizations.

The core of the reasoner is written in Scalal, a language that integrates fea-
tures of object-oriented and functional programming. This choice addresses

two key concerns: the Scala programming language is more flexible than Java

' http://www.scala.org/
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(arguably, it is a strict superset thereof), while preserving the ability to inter-
face seamlessly with Java code. This feature is of primary importance, given
the vast prevalence of Java as the programming language of choice in the field

of Semantic Web technologies.

Another crucial component of the system is the MiniSAT? SAT solver [ES03],
to which the work of calculating models for A is delegated. MiniSAT is based
on the DPLL algorithm [DLL62], with many enhancements to the handling
of several commonly occurring patterns. MiniSAT was chosen mainly for the
fact that it represents a good compromise between solid performances and
ease of integration: the solver exposes a clean interface, and the extensive com-
ments in the source code make it possible to circumvent the relative lack of

documentation.

The interface between these two components is a custom-built JNI library
written in C++, that creates, manages and wraps MiniSAT instances. The re-
sulting decoupling between the reasoner and the SAT solver makes it possible
to switch to a different SAT library (should the necessity arise), and enables us
to take advantage of low-level operations to speed up some tasks (e.g., feeding

a large formula to the solver).

6.2 Benchmarks

The reasoning algorithm implemented in TreeHug has an unavoidably high
worst case complexity. The hope is, however, that the system performs well in

realistic applications. To check the validity of this claim, it would be necessary

2 http://www.minisat.se/
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to test the performance of the system with the widest possible range of “real-

world” ontologies, similarly to the approach taken in [GHTO6].

Within the limitations of the current prototype of TreeHug, though, this ap-
proach is not yet feasible. As a consequence, we have opted for a set of synthetic
benchmarks aimed at showing the scalability of TreeHug. While probably not
indicative of any real-world usage pattern, the system shows a promising level

of performance even in its current immature state.

Benchmark 1 Let n be an integer and fix a signature containing an atomic
role R, and 3(n + 1) atomic concepts labeled C;, D; and E; for

i€ [1:n+ 1. Let J1 be a TBox containing assertions of the following form:

Ci E(DiME)UCigq
D; C 3R.Ci4

Ei EVR—Cipq

for everyi e [1:nl].

We ask TreeHug to check whether the concept C; M —Cy, 41 is consistent in T7,

which is false. The results we have obtained are shown in Figure 6.1.

Benchmark2 Let n be an integer and fix a signature containing two atomic
roles, Rand S, and 3(n + 1) atomic concepts labeled C;, D; and E; fori € [1:

n + 1]. Let 75 be a TBox containing assertions of the following form:

CiC(DyMEy) U3S.Cipqg

D; E JdR.Ci44
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20000 .
n min avg max
100 155 217 430
200 326 431 713
300 719 775 827
15000
400 1227 1283 1366
500 1800 1845 1884
_ 600 2662 2739 2825
£ 700 3495 3562 3608
< 10000
g 800 4736 4827 4913
= 900 6338 6657 6854
1000 8176 8282 8335
1100 10225 10384 10547
5000
1200 11480 11630 11823
1300 14396 14616 14855
1400 14907 15173 15360
o 1500 19059 19298 19587
0 300 600 900 1200 1500

Problem size (n)

Figure 6.1: Results of Benchmark 1

Ei EVR—Ciy

for every i € [1 : n], plus the assertion

Cn+1 C L

We ask TreeHug to check whether the concept C; is consistent in T, which is

false. The results we have obtained are shown in Figure 6.3.

Benchmark 3  The third benchmark is derived from the second by omitting

the assertion C, 1 C L. Let n be an integer and fix a signature containing

two atomic roles, R and S, and 3(n + 1) atomic concepts labeled C;, D; and

E; fori e [1:n + 1]. Let 73 be a TBox containing assertions of the following

form:

Ci E (DyMEy) U3S.Cipq

D; E 3R.Ci
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40000

n min avg max
20 51 65 93
40 150 166 191
60 368 399 aM
30000
80 787 809 839
100 1574 1595 1627

120 2549 2617 2776
140 4000 4095 4253

T 20000
g 160 5809 5973 6260
= 180 8692 8824 9012
200 11964 12128 12379
220 16182 16529 17521

10000
240 20830 20883 20957
260 25170 25728 27580
280 31345 31521 31848
o 300 39282 39458 39830
0 60 120 180 240 300

Problem size (n)

Figure 6.2: Results of Benchmark 2

Ei EVR—Cipy

for every i € [1 : n]. We ask TreeHug to check whether the concept C; is
consistent in T3, which is true. The results we have obtained are shown in Fig-

ure 6.3.

6.2.1 Methodology

For each value of n, the results represent the minimum, average and maximum
running time of 5 executions of the decision procedure. Two warm-up runs

are discarded.

The results can be duplicated by invoking the benchmarks/run script contained

in the source distribution with the following parameters:

benchmarks/run 1 100 100 1000
benchmarks/run 2 20 20 300

benchmarks/run 3 20 20 300
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40000

n min avg max
20 46 61 81
40 121 144 163
60 284 330 433
30000
80 589 621 728
100 1211 1265 1306
_ 120 1960 2065 2237
£ 140 3193 3270 3470
T 20000
g 160 4547 4637 4762
= 180 6751 6860 6954
200 9050 9259 9551
220 12326 12626 12956
10000
240 15627 15725 15924
260 19179 19583 20107
280 24672 24816 24944
o 300 30598 33403 37978
0 60 120 180 240 300

Problem size (n)

Figure 6.3: Results of Benchmark 3

The test system is an Apple MacBook equipped with a 2.4 GHz Intel Core 2
Duo processor® and 4 GB of RAM, running Mac OS X 10.6.4, the Java HotSpot
64-bit Server VM (build 16.3-b01-279) and Scala 2.8.0. The version of MiniSAT
used for this benchmark is MiniSat 2-070721; we are in the process of migrat-

ing the code to the recently released MiniSAT 2.2.0.

3 CPU speed throttling has been disabled during the tests.
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Chapter 7

Related Work

This thesis falls in the intersection of two very active research areas, automata
theory and Description Logics. The confluence of these two lines of research
has already lead to the discovery of many interesting complexity results for
reasoning problems over very expressive DL languages. This is hardly a sur-
prise, given the wealth of results that have arised from the application of au-
tomata constructions to a multitude of logic fragments. We will begin this

chapter with an overview of these reductions.

In the second section we will describe some of the main decision procedures
for automata problems, focusing on the main differences with the algorithms
we introduced in the previous chapters. Finally, we will close this chapter with
a brief account of tableau-based algorithms, the stream of research which has

yielded the most important results in the field of practical DL reasoning.

93



7.1 Related Work: Automata Reductions for Problems in Logic

7.1 Automata Reductions for Problems in Logic

In [Biic60], J. Richard Biichi showed the decidability of the monadic second-
order logic of one successor (S1S). Monadic SOL is a fragment of SOL where
quantification over relations of arity greater than 1 is not allowed; moreover,
the signature of SIS includes a single successor predicate. Intuitively, a S1S

formula can be seen as the description of a property of infinite words.

In order to obtain the main result, Biichi showed a reduction from a S1S for-
mula to an automaton over infinite words, whose emptiness was known to be
decidable: this proof technique was soon adopted by other logicians to deal

with many different logical languages.

Michael O. Rabin, for instance, used a similar reduction in [Rab69] for decid-
ing the monadic second-order logic of two successors (52S), which includes
two successor predicates. An interpretation over a S2§ signature can be there-
fore seen as a binary tree, where the two predicates connect a node to its two

child nodes.

The number of results that have followed these initial papers makes it impos-
sible to provide a detailed account of the developments. A survey of the re-
search directions that have been pursued in the field can be found in [Tho90,
Tho97]. In a somewhat “gentler” introduction to the topic, [VWO07] describes
the translations from various logics (S1S, S2S, temporal logics and the modal

u-calculus) to automata decision problems.

The usage of automata-based techniques for Description Logics has its roots in
the algorithm for p-calculus developed by Moshe Vardi in [Var98]. The basic

idea has been used to determine complexity bounds for $HJQ in [Tob01], and
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for ALCIQb,ee in [CDGLO2a]. For a thorough review of the field, the reader

can refer to [Ort10, Section 3.5].

7.2 Automata Decision Procedures

Many algorithms have been described for deciding the emptiness of specific
families of automata. They are characterized by the presence of intermedi-
ate steps that operate on “temporary” automata, whose state space is often
exponentially bigger than the number of states of the input automaton. This
has been one of the major limiting factors in the practicality of the approach:
in particular, the “standard technique” [Var98] for deciding alternating tree
automata emptiness goes through the complementation of a parity word au-
tomaton via the so-called Safra construction [Saf88], which has “proved to
be not too amenable to implementation™. An alternative, so-called “Safraless”
construction has been proposed in [KV05]; an incremental version of the cor-

responding decision procedure has been explored in [UT07a, UT07b].

In [PSV06], the authors adopt an approach somewhat similar to ours for the
modal logic XK. Analogously to what we have done in this thesis, the algo-
rithm by Pan, Sattler and Vardi uses a compact representation of the transi-
tion function of the automaton deriving from a modal formula. The resulting
decision procedure procedes both top-down (starting from the set of all types
and eliminating all the non-feasible types) and bottom-up (starting from the
set of types not containing existential subformulas, and adding those contain-
ing existential subformulas that can be satisfied). There is little doubt that the

approach could be extended to deal with more expressive DL languages. To

! In [KV05].
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the best of our knowledge, though, there are no further results on the topic

since 2006.

One important difference between the two works is the method chosen for
representing the transition function. Due to the structure of TBoxes, which
can be seen as conjunctions of many “small” inclusion assertions, we chose to
work with a CNF representation of the transition function. We have exper-
imented with BDDs (as in the work by Pan et al.), but the scalability of the
system was greatly impaired by the sheer number of BDD operations neces-
sary to build the BDD for the “propagation” state qpox- On the other hand,
building the CNF of the transition function is a much more efficient proce-
dure. The exponential blowup is limited in scope to each inclusion assertion;
if the size of a single inclusion assertion is bounded, the size of A(Qpox) is only

linear in the number of assertions.

The principal area of divergence between the two works, though, is the differ-
ent starting point for the decision algorithm. We adopt a top-down approach,
yet avoid analyzing all the multistates of the NLT. We regard the bottom-up
approach as unfeasible in our case, due to the great number of satisfiable mul-

tistates (exponential in the size of the signature).

Somewhat ironically, [HS03] proposes an algorithm that reduces the empti-
ness of an alternating looping automata on infinite trees to the satisfiability of
a knowledge base expressed in LUy, a variant of ALC which lacks negation
and universal quantification and where all the roles are functional. Since £ LU
is a sublanguage of ALC", one could use TreeHug to decide the satisfiability of
the knowledge base resulting from the translation of a given automaton — by

converting it back to a tree automaton, of course!
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7.3 Tableau Based Reasoners

Tableau algorithms are by far the most developed technique for reasoning in
Description Logics. The natural formulation of the approach, the early avail-
ability of efficient implementations and the sheer amount of man-years de-
voted to optimizing the approach have determined this family of algorithms

to be the clear frontrunner.

It would be impossible to give a complete account of the techniques developed
in twenty-five years of research, starting from XRIS [BH91] to the latest rea-
soners such as HermiT? [SMHO08]: we will refer the reader to [BS01] for an

introduction to the general principles of tableau algorithms.

The core idea is to show the satisfiability of a given DL concept by building
an interpretation that satisfies it. Variants of the procedure have been devel-
oped for Description Logics that do not always admit a finite model: in these
cases, it suffices to build a “pre-model” that can be expanded at will to form

an (infinite) model for the given concept.

The vast amount of theoretical results in this field is reflected by the real-world
performance of reasoners that implement these procedures. For instance, three
of the most widely deployed DL reasoners, FaCT++> [TH06], Pellet* [SP06]
and RACER® [HMO1], are based upon tableau algorithms.

This approach is the inverse of the one we try to follow: instead of building
a model, we try to explicitly enumerate the concepts for which a model can

not be built. It remains to be seen whether this way of “flipping” the approach

http://hermit-reasoner.com/
http://code.google.com/p/factplusplus/
http://www.clarkparsia.com/pellet/
http://www.racer-systems.com/products/racerpro/

[S, I UV )
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can yield an implementation whose results that compete with the established

players.

The early results shown in Section 6.2 are probably better than we expected
at the beginning of this journey. The vast amount of expertise accumulated in
the field of tableau-based reasoning, though, makes it quite hard to foresee a

scenario where automata-based reasoners manage to close the performance

gap-
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Chapter 8

Conclusions

In this thesis we have described a new automata-based procedure for reason-
ing over expressive Description Logics. The resulting algorithm can decide
the consistence of a concept in a TBox in exponential time, matching the
known theoretical bound. More remarkably, unlike previous automata based
approaches, our algorithm seems well suited for implementation. Indeed, we
have developed a prototype reasoner, and its experimental evaluation revealed

promising results.

More specifically, we started by showing how to build an automaton that rec-
ognizes a family of the models of the given TBox which contain an object
that participates in the given concept. By virtue of the tree model property,
which we had previously introduced in Section 2.3.2, a concept is consistent

in a TBox iff the language recognized by the automaton is not empty.

Successively, we introduced a sequence of reductions that make it possible
to decide the emptiness of a two-way alternating automaton. The procedure

starts by removing the “upwards” transitions and the zero transitions. Then it
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applies a subset construction to transform the resulting alternating automa-
ton into a nondeterministic automaton, and solves the emptiness problem for

the NLT.

The key to obtaining a practical decision procedure was to show a different
formulation of the algorithm. By focusing on a small but expressive DL frag-
ment, we have been able to obtain a new algorithm that makes it possible to
directly solve the emptiness problem of an automaton equivalent to a given

DL problem, without going through any intermediate steps.

The TreeHug reasoner, which implements this algorithm, showed promising
results in our preliminary benchmarks. Of course it still lags behind other es-
tablished and highly optimized DL reasoners, and it is not clear whether it
will be able to catch up. Still, it gives a first positive answer to the practical

applicability of automata-based procedures to DL reasoning problems.

8.1 Future Work

Both the theoretical framework presented in this work and the TreeHug rea-
soner are still quite far from being considered “ready”. The future work can

therefore procede in parallel on both aspects of this thesis.

The theoretical results presented in this work can be extended to number re-
strictions (as in [CDGLO02a]), and integrated with some well-known prepro-
cessing steps for removing role hierarchies and role transitivity assertions (see
[Mot06, Section 5.2]). This would make it possible to handle a very expressive
DL language such as 83HJQ.
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Another very important extension would be the support for ABox reason-
ing. There are several known automata-based algorithms for reasoning over
ABoxes or over DL languages which allow individuals to appear in concept
expressions (see, for instance, [Ort10]). It is not clear, though, whether the
techniques we propose can be extended to solve these problems with a rea-

sonable level of efficiency.

On the implementation side, the performance level obtained with this first
prototype of TreeHug is encouraging. Adding more constructs to the language,
though, can grow the state space by a significant amount. While the asymp-
totic complexity of the decision procedure is not affected, we need to make
sure that using TreeHug to reason on languages more expressive than ALC" is

practically feasible.

In particular, one of the main problems of the current approach lies in the fact
that the SAT solver does not have any information about the overall problem.
A tighter integration of MiniSAT with the reasoner would allow us to formu-
late a heuristic for the satisfiability problem that takes into account the “big
picture’, although the effort required to formulate and implement such an al-

gorithm may prove to be significant.
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